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1. Introduction

In this paper, we use the finite volume Hermite weighted essentially non-oscillatory (HWENO) method for directly solv-
ing the Hamilton-Jacobi (HJ) equation:

¢e + H(Vx$,X) =0, ¢(X,0)=¢o(x) xeQCRI

where V¢ = (¢x; . bxy. - Px,) " -

The HJ equation arises from many applications, such as control theory, geometric optics, image processing, level set
method and so on. It is well known that the solutions of the nonlinear H] equation are typically continuous, and the
derivatives would be discontinuous even though the initial condition ¢g(X) is smooth enough. After suitable assumption [4],
we can obtain the generalized solution, namely the viscosity solution, and the existence and uniqueness can be held.

Many successful numerical schemes for conservation laws have been successfully developed for HJ equations. Now,
we briefly review the early works. First, we would like to mention the Crandall and Lion [5], they introduced a class
of the monotone schemes, and proved that the solutions of those schemes converge to the viscosity solution. Osher and
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Sethian [11] developed a second order essentially non-oscillatory, termed ENO schemes, and later Osher and Shu [12] pro-
posed high order ENO schemes. Further, Jiang and Peng [7] presented the high order Weighted ENO, termed WENO, which
can refer to [19], scheme to solve the HJ equations. Qiu and his colleagues [15,13] developed Hermite WENO, termed
HWENQO, schemes for HJ equations with Runge-Kutta or Lax-Wendroff time discretization, the first HWENO was presented
by Qiu and Shu [14], and also used as limiter procedure for discontinuous Galerkin (DG) method. The schemes designed
above are in the structured mesh. There are also schemes solving the HJ equations on the unstructured mesh. Abgrall [1]
proposed the monotone schemes on triangular meshes, good property as it is, unfortunately it is only one order. Lafon and
Osher [9] designed the second order schemes, and high order WENO schemes are developed by Zhang and Shu [23]. For a
detail review of high order HJ equations, we refer to the lecture notes [18].

We have mentioned the different methods in solving HJ equations, and each of them can achieve good performance.
But many of the schemes are based on finite difference method instead of finite volume method which may be more
preferable on unstructured meshes. Hu and Shu [6] proposed a DG method to solve the HJ equation. Later, Li and Shu [10]
reinterpreted the method of Hu and Shu. These methods are based on the fact that the derivatives of the solution ¢ satisfy
the conservation laws, which is correct in one dimensional case but only weakly hyperbolic in multi-dimensional case.
What’s more, since they should recover the solution ¢ from its derivatives, the methods appear to be complicated and
indirect. Cheng and Shu [2] apply the DG method directly to the HJ equation. As to the variable coefficient linear equation,
this method is equivalent to the traditional DG method for conservation laws with source term. Due to this property, the
stability and the error estimate can be easily performed. Later, Yan and Osher [22] proposed the local DG (LDG) method to
deal with HJ equation, and we can see that the method is the general extension of the monotone schemes. Recently, Cheng
and Wang [3] also improved their early work by utilizing the Roe speed and entropy fix at the cell interface.

The new methods presented in this paper have some advantages. First, we use the HWENO method, the WENO and
HWENO methods have the similar building block to solve the HJ equations. Both of them can achieve the high order ac-
curacy and maintain the essentially non-oscillatory property, based on using the adaptive stencils. The major difference
between the HWENO and the WENO method is that the former one need extra work and storage but it is much more
compact than the latter one in the same accuracy, owing to using both the cell average and its first moment in the recon-
struction and evolving both of them. Second, our schemes can directly solve the HJ equation. The H] equations cannot be
written in a “conservation form”, they are hard to be solved by finite volume method. As the H] equations are closely related
to the conservation laws, the former are simply the integral version of the latter one in one dimensional case. Many meth-
ods designed for conservation laws can be easily developed for HJ equations. However, they are indirect and complicated.
Our schemes can achieve the goal to solve the HJ equations directly by carefully designing the Hamiltonian flux which is
developed in [3] and adding monotone modification in neither convex nor concave case which is able to keep the precision
in smooth area and ensure the convergence when the derivatives discontinuity appear. Third, the HWENO reconstruction in
two dimensional case is based on the dimension-by-dimension strategy, which is the first used in HWENO reconstruction.
The dimension-by-dimension strategy of HWENO reconstruction can achieve the same essentially non-oscillatory property
as the genuine two-dimensional strategy, and it is less expensive and easier to code than the latter one.

In this paper, we follow the idea to reconstruct numerical fluxes at the interfaces of cells by Cheng and Wang [3] which
is designed in DG methods, and for neither the convex nor concave case the monotone modification is added. HWENO
procedure is applied to reconstruct the values of solution at Gauss-Lobatto quadrature points and the interfaces of the cell,
the reconstruction procedure is similar to that as limiter for DG methods in [14], and in two dimensional case, HWENO
reconstruction is based on a dimension-by-dimension strategy. The third order TVD Runge-Kutta method [20] is used for
the time discretization.

The paper is organized as follows. In Section 2, we describe in detail the reconstruction and implementation of the
finite volume HWENO schemes in one dimension and two dimension for directly solving the HJ equations. In Section 3,
we present extensive numerical results to verify the accuracy and the stability of the method. Finally, a conclusion is given
in Section 4.

2. The numerical method for the Hamilton-Jacobi equations
In this section, we will design the numerical method for both one and two dimensional Hamilton-Jacobi equations.
2.1. One dimensional Hamilton-Jacobi equations

The Hamilton-Jacobi equations in one dimensional case can be written as:
¢t +H(px, x) =0 ¢(x,0) =do(x). (21)
For simplicity, we assume the computational domain has been uniformly divided into cells I; = [xj_1 ’Xj+%]' j=1,

2

---, N. The cell center and the mesh size is denoted as x; = (xj_% +xj+%)/2 and Ax = Xjp1 =X, Furthermore, we define

j j=1-

Ui= 1/‘ ¢ (x, t)dx Vi= 1/qb(x t)x_xjdx
xS TUax) T Ax
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as the numerical approximate to the viscosity solution and its first moment of (2.1). We multiply (2.1) by 1 and % and
integrate them on cell I}, respectively, then we have:

dU; _ ! / H(¢x, x)dx

dt - AX Ij x (2 2)
dv; _ 1 H X)X—dex :
dt — AxJ AR

The integrals in (2.2) are computed by four point Gauss-Lobatto quadrature formula, respectively. For stability, following
the directly solving HJ equation by discontinuous Galerkin (DG) method which was developed by Cheng and Wang [3],
we add penalty terms for numerical fluxes at the interfaces of computational cells, and we have the following schemes:

dUu; 1 o~ ~

TR X0 G-+ minly, ). 016+ maxFts ). 0001 p
Sy y) — ey DIy + CSpxi_y) — Hpx_ DI

de 1 1 . ~

T = X L GH b G-+ it .0

1 ~
-3 max(Hy (x;_1), 0)[¢];_1)

1 ~ 1 ~
+ 5CSpt1 ) — 1o D8] 4y = 5C(Spi_ ) — 1Hox_ DI,y (2:3)

where G, w; are Gauss-Lobatto quadrature points and coefficients, respectively,

G]Z)Cji%, GZZX];H/T?, GB:X]}%’ G4:Xj+%
1_12’ 2—127 3 127 4 127

and [u] =u™ —u~ denotes the jump of u at the cell interface, and the superscripts +, — denote the right, and left limits of
a function. C is a positive penalty parameter taken as 0.25, Hy and Sy are the Roe speed and the parameter to identify the
entropy violating cells, which are defined as following, respectively.

HGe(XT, )X, ) = Hge(x, )., )

: Pu(], ) # (X))

Flo(j0p) = (] ) — o))

1 1
+ + - - + _ -
§H1(¢X(in%)’xji%)+5H1(¢X(in%)’xji%)’ ¢X(in%)_¢X(in%)’

- o P
89 (Xj) =max(0, Hy (1) = Ha(@x(X, ). X7, s Hi @, )X, ) = Hop 1)
and
So (¥4 1) = max(@s(x;, ). [Hp(xj, DD,

where Hy = dH/0¢y is the partial derivative of Hamiltonian with respect to ¢y.

The values of ¢ and ¢y at the Gauss-Lobatto points and the cell interface will be reconstructed by fifth order HWENO
method, which will be described in subsection 2.2. Then, we can rewrite the schemes as U; = £(U), where the £ denotes
the operator of spatial discretization, and use the third-order total variation diminishing (TVD) Runge-Kutta time discretiza-
tion [20] to solve the semi-discrete form (2.3):

UM =U" + AtL (U™

3 1
u® = JU Z(U“) + AtcUuMy) (2.4)

1 2
m“=§W+§w@+Aww®»
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2.2. HWENGO reconstruction in one dimensional case

and qujiﬁ

In this subsection, we will describe the HWENO reconstruction procedure for the ¢ji+1 ) qb;fL 1 ¢Xﬁ1 , ¢x]#
2 32 2

1
2

Step 1. Reconstruction of ¢)j1] by HWENO method from the cell averages {U;, V}
2

1.1. Given the small stencils So = {Ij_1,1j}, S1 ={Ij,Ij4+1}, So ={Ij—1,1j,Ij+1}, and the bigger stencils 7 = {So, S1, S2},
we construct Hermite cubic polynomials po(x), p1(x), p2(x), and a fifth-degree polynomial q(x) such that:

1 Xitj .

— dx=Ui;;, — — ax=Vi;, i=-1,0, 2.5
Ax/1i+jp0(x) X i AX liﬂpo(X) AX X i+ : (2:5)
1 1 X—Xiyj .

— dx=Ui;;, — = gx=Vii, i=0,1, 26
AX/}fﬂ_m(%) x=Uiy;j AX/}fﬂ_m(%) Ay X=Vigj (2.6)
1

—/ p2(x)dx = Ui, j, —/ pz(X) ’dx— Vi, i=-1,0,1, (2.7)
AXJ iy

i/ q)dx = Uiy ; q(x)x—’ﬂdx Vi i=—-1,0,1 (2.8)
AxJ 1y, AR Ax I Ax =i - )

we only need the values of these polynomials at the boundary xj;il , which have the following expressions:
2

1 7 23
pO(X 1) Uj—1+ZUj+§Vj—1+7Vj
B 1 1
pl(XH_%):in—i-inJﬂ+2Vj—2Vj+1
2 5 7 60
p2x; )=Z5Ujr+ZUj+ —Uj + —Vj
i+l 33 6 66 11
25 241 28
q(_ 1)— UJ 1+ Uj-i- UH_]-i— V] 1+ Vj——Vj_H
108 27
po(xt )=1U-,1+1U-+2V»,1—2v-
(x* )—1U‘+3U‘ By, 1y,
pl ]_% _4 ] 4 Jj+1 2 ] 2 Jj+1
(xt )—7U- +5U+2U 60v-
L N R AT R AR TR
ot )= 8 . N 7 Ut 13, +28V' 241, 25
)= 57 it T i T g I T g7 it T 5y Vi T 5 Vit

1.2. For each small stencils S, m=0, 1,2, we compute the smooth indicators respectively, which measure the smooth-
ness of the reconstructed polynomials pm(x), m=0, 1,2 in the target cell I;. The smaller the indicator is, the smoother the
polynomial is in the target cells. We define the smooth indicators as in [8]:

3 I
.
Bn=> /I»szl ](@pm(X))zdx m=0,1,2 (2.9)
17 1

1.3. We compute the linear weights, denoted by yp, (X;_“il ), m=0,1, 2, satisfying:
2

2

T = F T
40Ty = Zoym(xji%)pmaﬁ%)

for all the cell averages of {U;} and {V;} in the bigger stencils 7, which leads to

o o w oM w22
DT Ry N T PR T
14 25 22

+ _ + — + _ ==
VO(X];%)—”, V](in%) 189" Vz(x];%) 53
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1.4. We compute the nonlinear weights based on the linear weights and the smooth indicators by:

. w_m(xj,Fil) o ym(x 1)
wm(xfi%)zzkwk(xjil) T )= Gt o2

m=0,1,2 (2.10)
where the ¢ is a small positive number to avoid the denominator becoming zero. In our paper, we use ¢ = 10~%. The final
HWENO approximation expression is:

Zwm(x$ 1)Pm(X :I:l)

]il
Step 2. Reconstruction of {d)x } and {¢y . P \/‘} by fifth order HWENO from the cell average {U;, V}

2.1. Given the small stencils So = {Ij_1,1;}, S1={Ij, Ij+1}, S2={Ij-1,1j,Ij+1}, and the bigger stencils 7 = {So, S1, S2},
we construct Hermite cubic reconstruction polynomials po(x), p1(x), p2(x), and a fifth-degree reconstruction polynomial
q(x), such that the polynomials satisfy the conditions (2.5), (2.6), (2.7), (2.8). We need the derivative values of these poly-

nomials at the four Gauss-Lobatto quadrature points le, f Xx. s and x;r . denoted as G1, Gy, G3, G4 respectively,
2 T 710 -2
which have the following polynomial expressions:

, 1 3 3 9 39 15 X
po(X):E[—éuj—]'l'ng 4V11+ V]+( Uj] *Uj+33Vj_1+57Vj)

15 15
+ (7Uj_1 — 7Uj +45V;_4 +45Vj)

(0 = [ 2Uj 4 2Uj1 + oV = 2V jor + (205 + 20jy - 57V = 33V, )
P =-l=glUit Uit 2/ REAR J AT Ax
15 15
+(SUj= S Ujn +45v1+45v]+1)(—) I
)= [2U - U +150v F U1 =20+ U2
Po = aa i T g T Lt R N’
15 15 360 "
+( Uj 1+11U]+1 V]) s
o0 = 1[(167U 167, +281V +2449V‘+281V‘ :
q Ax 576 =17 g7g Uit T ogg Vit g Vit 5gg Vi
23 23 45 45 X — x]
F U =20 DU+ V- VD
LBy 55y 785 1945, 785 x—xi,
72 e A T A T IR A TR AN
+(—§Uj—1+5Uj—§Uj+1—
L5y 175, 385 +665V_+385 4
36 71T 36 Mg I g TIT g '
2.2. We define the smooth indicators as in [8]:
9! X
ﬁm—Z/ AxXP1( pm())dx, m=0,1,2 (211)

2.3. We compute the linear weights, denoted by y;;(G)), [ =1, 2, 3, 4, such that:

2
qG)=) ym(GDpyG), 1=1,2,3.4,

m=0

for all the cell averages of {U;} and {V;} in the bigger stencils 7, which leads to

( ) an ( ) 27 ( )
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1 7 1 7 4

G = -, G = - —, G [ p—
10(G3) 54\/54-22 ¥1(G3) 54£+22 ¥2(G3) 1
(Ga) = 124 (Ga) = 11 (Ca) = 44
Yo(Gg) = 135° Y1(Gg = 259" V2(Gyg 265

2.4. We compute the nonlinear weights by (2.10). The final HWENO approximation expressions are:

¢ (G~ Y om(GDp(G),  1=1,2,3,4,

m=0

respectively.

If H is a neither convex nor concave Hamiltonian, our method would not necessarily converge to the unique entropy
solution. Inspired by [16], we also add the extra monotone modification into each Runge-Kutta step, which can help our
method converge to the viscosity solution in general neither convex nor concave case and maintain the high order in smooth
regions.

Before modify our method, we should design the discontinuity indicator on cell I;, termed ¢;. Here we recommend the
indicator [21], which is defined as follows:

Bj
Bjit+vj

Qi =

aj=|Wj_1 =Wl +e &=|Wj_1—Wjl+e

ﬁjzi‘i‘i, yj=M(|Wmax_Wmin| +|Wmax—Wmin|2)
Fit G2 @) oj+1

Here, W; denotes the cell average of the derivative of the solution ¢ on I}, which is computed by Gauss-Lobatto quadrature
formula numerically, and € = 1076 in order to avoid the denominator becoming zero. Wmax and Wi, are the maximum
and minimum of W; respectively. M is a discontinuity parameter, and we hereby choose M = 10000. The discontinuity
indicator ¢; has the properties: (a). 0 < ¢@; < 1; (b). ¢; is 0 (Ax?) in smooth region; (c). @;j close to O(1) near the derivative
discontinuity. Now we modify our method by following steps for one dimensional method:

@)] ldentlfy the troubled cell in which the Hamiltonian H(u) is neither convex nor concave. We call cell I a good cell if
¢j71 and d) . all fall into the same convex or concave region of the Hamiltonian H(u), otherwise we define the cell

as a troubled cell [16].
(2) When I is identified as a troubled cell, the solution U?'H will be modified by following method.

(a). Define U;H’“U”" by:

un, ., —Uu" 1 — 20T+ U
Tmono +1 -1 +1
U?* =U"- At(H(#) - Yi AX LSS (212)
with a = m;ale/(u)l.
(b). Modify U?‘H by combination of U?“ and U'}Hm"”":
+1mo 1 +1mono
Uit = (1 - gHUit 4+ 9i U} (213)

The advantage of the method we design above is the self-adaptive: if the derivative of the solution is with a strong
discontinuity, ¢; is close to O(1), then the monotone scheme comes into effect; if the derivative of the solution is

in a smooth area, ¢; is close to 0(Ax?); what's more, 0 < ¢;j < 1. We denote (2.3) as U?“ = U'} + AtLL(U) and
denote (2.12) as U?“ = U’J? + AtlLy(U), so we can rewrite (2.13) as
Ut = U AL — 9HLa (U) + Atg?Lo(U).

For space discretization IL;(U) is fifth order approximation to H(u) and the IL,(U) is the first order approximation to
H(u), so in the smooth region of solution, we have:

@?L1(U) — Lo(U)| ~ 0(AX),
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that is, the modification does not change the accurate of the schemes, and after modified procedure, we denote U"H’”""
as Un+1
i

(3) If U;!“ is modified, then we will modify v;‘“ by Step 3.
Step 3. Reconstruction of V?Hm"d by fifth order HWENO from the cell average {U?H, V?H}
3.1. Given the small stencils So = {Ij_1, 1}, S1 =1{Ij,Ij+1}, S2 ={Ij—1,1}, 141} and the bigger stencils 7 = {So, S1, S2},

we construct Hermite quadratic reconstruction polynomials po(x), p1(X), p2(x), and a quartic reconstruction polynomial q(x)
respectively, such that the polynomials satisfy the conditions.

Aix/;,.ﬂ.p(’(x)dx_ UEJ]’ _/1, 1po( ) V;‘jll, i=—1,0
i/liﬂpl(x)dx_ Ufj}, E Imp]( ) J+1d _ V;"ﬂ 0.1
Aix/,,.ﬂpZ(x)d"_”?ﬂv i=—1,0,1.
L/lwqoodx —u L ljiIQ(x)XA—;ild —viL =101

We only need the first moment of these polynomials in the cell I, which have the following polynomial expressions:

i 'po(x)xg;jdx:—%U;'f]l+éU?+l Vit
A P S Ui U v,
— / P20 24U7I} 214U’}f11,
q(X)X—deX_ 5U”+1+ SIFT TSR § ETI | R (2.14)

ax) Ax 76 76 Jt1 38 -1 38 i+l"

3.2. We define the smooth indicator as in [8]:
B —22:/ sz,f](a’pm(x))zdx m=0,1,2
m = 4 I 9 =u 1,2

3.3. We compute the linear weights, denoted by yi,, m =0, 1, 2, satisfying:

1 Xj X—
=~ q(x) dx—Zym /ijmooA

for all the cell averages of {U'}H} and {V}’H} in the bigger stencils 7, which leads to

Xi
]dx,
X

11 11 8

38 = V2= 5

Y= 38’ 19°

3.4. We compute the nonlinear weights as (2.10), and the V}Hl”“’d approximation expression is:

2
nJFlmod X— Xj
X dx.
g / P05

3.5. We denote V?H'”"d as V;‘“.

2.3. Two dimensional Hamilton-Jacobi equations

The Hamilton-Jacobi equations in two dimensional case are written as

Gt +H(dx, by, x, ¥) =0 (%, ¥,0) =¢o(x,y) (2.15)
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for simplicity, we also assume the computational domain has been uniformly divided into cells I;; = [x;_ 1. 1] x

* ity
[yjf%,yj%], Ji=1Ix i1 1] Kj= [yjf%,yH%],i:l,--~,N,j:l,~--,N. We also denote the cell center as (x,,y])_
((xif% +xi+%)/2, (yjf% -I—yH%)/Z), and the mesh size as Ax:xi+% —xif%, Ay:yﬁ% —yjf%. Furthermore, we define
1 1 X — Xi
U;i= X, y, t)dxdy, Vii= —— X, y,t dxdy,
i,j AxAy/ I,;jd)( y, ydxdy i,j AxAy/ Ii_j¢( ) Ax y
1 y—UYj 1 / Xiy—VYj
Wijij=——— X, y,t dxdy, Tii=—— ——dxd
h AxAy/ quﬁ( YD Ay Y Aaxay ) Ay XY

Multiply (2.15) by v(x, y), which is equal to 1, *3, yAif and T yAij respectively, and integrate them on cell I; j,
respectively, then we have:

dU,‘j 1
== H k] ERAZ] d d ’
dt AxAy//z,,,- (P by, %, y)dxdy
avi 1 X — Xi
J__ y
i Amy//” (¢x, by, X, y) Ax dxdy,
(2.16)
Wij__ // Hw. by x. ) ¥y
dt AxAy Y ’
dTij Xiy—Jj
o — H
= EAy // (Brs by, 9) Ty .

The integrals (2.16) are computed by 16 points Gauss-Lobatto quadrature formula respectively. For stability, resorting
to the method developed by Cheng and Wang [3], we also add penalty terms for numerical fluxes at the interfaces of
computational cells, and we have the following schemes:

d
dt AXAy

/ ¢>(X Y. Hv(x, y)dxdy)

=— Y wgH@XGL, YGr, Dy, $(XGy, YGi, )y, XG1, YGr)V(XGL, YGi)
Lk

1 o -

- ijwk min(H, (., 1 Y6, OB1x; - YOOVX 1. YGi)
1 i +

- ijwk max(Hi.¢(x;_1. Y6 OIB1_1. yGOV (1. ¥Gi)
1 e -

~ay ;a), min(Hz,5 (G1. ¥}, 1), O1$1XG1, ¥, DVAGLL Y], 1)

1 -
~ Ay ;wl max(Hy ¢ (xGy, yj,%), 0)[¢]1(xGy, yj,%)V(XGI, y;:%)

+C Y or(S1.0(iy 10 YGO) — 11y 1 YGODISI Xy 1. YGOV(X,

k

+C E wk(Sl,qs(xi,%,ka) - |1~41,¢(X,~,%,ka)I)[¢>x](X,-,%,ka)V(x:[l,ka)
2
k

+17ka)

+C Y wi(S24(xG, Yir1) — |Hz.4 (xGL, Vit DDy IxCr Y, VXGy, yjjr%)
I

+C ;wt(sz,(p(XGl, yj,%) — |H2,6 (G, yj,%)l)[dw](XGl, yj,%)V(XGl, y;%) (217)

x—Xi Y—=Yj X=xi Y=Yj
where v(x, y) refers to 1, =1, Ay and =t N

in x and y direction respectively:

. XGy, yGy, wy, wy are the Gauss-Lobatto quadrature points and weights
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The symbol [u] =u™ — u~ denotes the jump of u at the cell interface, and the superscripts +, — denote the right and left

or top and bottom limits of a function. C is a positive penalty parameter taken as 0.25 and Hy g is the Roe speed in the x
direction defined as follows:

Hip (11, )
H(¢x(x;% Yy xF y)—H(sz(xi;% by X 1Y)

ixl’
2 2 + -
o e 1) , ¢x(Xii%’J’) #¢x(xii%,y)
d:j lij

1 + Tyt 1 — o + — -
2H1(¢x(xii%,}/)7¢y,xii%,J/)+ 2H1(¢X(X,‘i%’y)’d)Y’XH:%’y)’ ¢x(Xii%7J’)—¢x(Xii%,}’),

where, Hy = 9H /¢y refers to the partial derivative of Hamiltonian with respect to ¢y, and

— 1 n _

Py =5 @y V) +PyX, 1)
is the average of the tangential derivative.

31,¢(X,-i%,J’)

= max(0. H1.o(xiu 1. 9) = H1(@x(, 1 V) by Xy 0 Hi @K1 90 by X1 9) = Hip iy 90)

and

St.9(ia1. ¥) = Max(Grp( 1. ¥) | Hig (s, YD

are the arguments which are used to detect the entropy violating cells in the x direction.
Similarly, the Roe speed in the y direction defined as:

FI2,¢(X, .Vji%)

H(gx by y™ )y’ D—H@xdy®y~ )2y 1)
e P et Sy Y ) F by Y1)
Gy, yT )=y Xy 1) jE3 IES ]
jii ]ij

1 e + + 1 e - - + oy -
220 Sy Xy, o0 ¥y )+ g H2 (O Sy Xy D% Y50 vy ) =dyx Y, )

where, H = dH/d¢y refers to the partial derivative of Hamiltonian with respect to ¢y, and

— 1 3
=5 (Exx YT )+ ey 1)
is the average of the tangential derivative.
32,9 (X, J’ji%)
_ 77 e - - e + + o
= max(0, Ha.p (%, ¥ 1) = Ha (P oy (% y 1, 1) % Y 1) Ho (B by 1 1) %0 Y 1) = Hap (0 Y 1))
and
S24(%. ¥ ju1) =Max(24 (. ¥4 1) | Hag (% ¥ D)

are the arguments which are used to detect the entropy violating cells in the y direction.
The values of ¢, ¢x, ¢y at Gauss-Lobatto points and cell interface in (2.17) will be reconstructed by the fifth order
HWENO method, which will be described in subsection 2.4. Then, we can rewrite the schemes (2.17) as U; = £L(U), where

the £ denotes the operator of spatial discretization, and use the third-order total variation diminishing (TVD) Runge-Kutta
time discretization (2.4) to solve the semi-discrete form (2.17).
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2.4. HWENO reconstruction in two dimensional case

In this subsection, we will describe the reconstruction procedures for ¢, ¢x and ¢, at Gauss-Lobatto points and cell
interface in (2.17) by HWENO method. We can use dimension-by-dimension strategy to reconstruct these point values. Now,
we list the procedures of these reconstructions in the following.

Step 4. Reconstruction of {¢} at Gauss-Lobatto quadrature points in the cell I; ; by HWENO method from the cell averages
{Ui,j, Vi j, Wi, T; j}. We make the construction at the point (Xi_+‘ , yj_+‘) as example.
2 2

e We perform HWENO method which was described in Step 1 in subsection 2.2 in the x direction, from the cell average
{Ui,j, Vi j}, we can get Aiy ij ¢)(xi’+% , ¥, t)dy, which is the point value in x direction and the cell average in y direction.

e Then, we perform the similar procedure from the cell average {W; ;, T; j}, we can get the one dimensional cell average
ay Jig @& 10 ¥, 05y dy.

o Finally, we perform the same HWENO method in the y direction, from {Aiy ijqﬁ(x

y—=Yj . _ _
y,t) Ay dy}, we can get the point value ¢(xi+%,yj+%).

1 —
i1 0dy) and {55 fi o

i+3’

Remark.

(i). The reconstruction of {¢} at other Gauss-Lobatto quadrature points is similar to the procedure above.

(ii). When using the dimension-by-dimension strategy, the HWENO reconstruction procedures for point values at xG;, xG3
(or yGy, yG3) is similar to those for xG1, XG4 (or yG1, yGy), but the linear weights will become negative. For stability,
the technique to treat the reconstruction procedure with negative weights is needed, for this technique we refer to [17].

Step 5. Reconstruction of {¢x} at Gauss-Lobatto quadrature points in the cell I; ; by HWENO method from the cell
averages {U; j, V; j, W; j, T; j}. Also, we make the construction at the point (Xi_+1 , yj_+1) as example.
2 2

e We perform HWENO method in Step 1 in subsection 2.2 in the y direction from the cell average {U; j, W; j}, which we
can get the one dimensional cell average ﬁ f]_ o (x, yj_le , tydx.
! 2

e Then, we perform the similar procedure from the cell average {V; j, T; j}, which we can get the one dimensional cell
average A [ ey, | %2y,
o Finally, we perform HWENO method in Step 2 in subsection 2.2 in the x direction from {Ale]lj)(x, y; t)dx,

+3’
1 - X—Xi : — -
A% f]i o (x, yj+%,t)A—X’dx}, we can get the point value ¢x(xi+%,yj+%).

Remark.

(i). The reconstruction of {¢y} at other Gauss-Lobatto quadrature points is also similar to the procedure above.
(ii). The procedure to reconstruct {¢y,} at Gauss-Lobatto quadrature points in the cell I; j by HWENO method from the cell
averages {U; j, Vi j, W; j, T; j}, is similar to that for {¢x}, we will not repeat here.

Similar to one dimensional case, if H is a neither convex nor concave Hamiltonian, we also need the extra monotone
modification in every Runge-Kutta step, which can help our method converge to the entropy solution. First, we should
design the discontinuity indicator. Here we use the indicator [21] defined as follows:

A
X L]
N el ey
i TYij
where
1.x _ |y . 2 1.x _ . . i 2
alﬁj =|Xi—1,j — XijI”+¢€ gi,j =|Xi—1,j — Xip1,jI° + ¢

2,x 2 2,X 2
a i =X — Xijltte &7 =1Xijo1 — Xijal +e

1,x 1,x 2,X 2,x
« _ G &g g i
L7 1x 1,x 2,X 2.x

i-1j %25 %ij-1 0 %ijt2

2 2 2 2
X |Xmax - Xmin| |Xmax - Xmin| |Xmax - Xmin| |Xmax - Xmin|
Yij= M( 1.x 1.x 2.x 2.x )
o o . o o
i,j i+1,j i,j i,j+1
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and
y
(py Pi MLy
Lj=
&]+%J
where

1 2 1y 2
o p =lYiaj=Yijl*+te &7 =IlYioj—Yip I +¢

2 2 2, 2
o =i =YilP+e &7 =1Vij1 =Yl +e

1y 1.y 2,y 2,y
" S, &g &g Sl
LiT 1y Ty 2,y 2,y

i—1,j %425 %1 %o

[Ymax = Yminl? | [Ymax — Yminl® | [Ymax — Yminl® | |Ymax — Yminl?
y max min max min max min max min
Yij=M( 1 + )
s Ly 1,y 2,y 2,y

@ j &1, @i & jt1

and take ¢; ; = max{wgfj, <pi{'j}, where, X; j and Y; j denote the cell average of ¢x of ¢, on I; j, respectively, which are com-
puted by Gauss-Lobatto quadrature formula numerically, and &€ = 10~ in order to make sure the denominator would not
be zero, and Xmax, Xmin, Ymax and Y, are the maximum and minimum of X; j and Y; j respectively. M is a discontinuity
parameter and we also choose M =10000. The discontinuity indicator ¢; j has the property that: (a). 0 <¢; ; <1; (b). ¢; j
is 0(Ax?, Ay?) in smooth region; (c). @i,j close to O(1) near the derivative discontinuity. Now we modify our method as
follows:

(1) Identify the neither convex nor concave troubled cell: we call cell I;; a good cell if ¢(x;1,yjf+1), ¢>(xi+ 1’y;+1)'
2 2 —2 2

¢(XH_1 ,
deﬁne the cell as a troubled cell, see [16].

(2) If the cell I;; is identified as a troubled cell, then Ul”;r], V,”j“, Wl"]“. T"“ should be modified. Introduce one order
monotone scheme, again, we simply use the one order monotone scheme w1th Lax-Friedrichs Hamiltonian flux:

yt o, (Z)()(l,+ 1, yj+ ;) all fall into the same convex or concave region of the Hamiltonian H(u, v), otherwise we
-2 -7 "3

LR L [ L
Uit =yt — Ap(H(—L L R L)
JJ , 2Ax 2Ay

1 UL, —2UR U
~ At

+2 ( AX )
1 UM —2UT U

+ 5 A Ay LD, (2.18)

where o = max |H), (u, v)| and B = max |H/ (u, v)|.
u \4

(3) Modify U?}“] with the monotone scheme. We combine the solution of (2.17) with (2.18) at t = t"*! convexly

N+1m, 2 +1 n'5‘1m0no
Uij d_(l_‘pi,f)utn,j 'HDlJ ij ‘ (2.19)

For the same reason as the one dimensional case, the modification doesn’t affect the fifth order accurate of the schemes.
After modified procedure, we denote U"H’""d as U”Jr .

(4) Modify Vl"}"l, Wl”;rl, T”Jrl by the followmg steps.

Step 6. Reconstruction of V”H’""d W”Hm"d T"Hm"d by HWENO method from the cell averages {U?;”, V,”;”, WI”;”, T"+1}

The reconstructions of Vl." }H"“’d and Wl.rl ;71”“"1 were performed in x direction and y direction by one dimensional fifth
order HWENO method which is described in Step 3 in subsection 2.2 from cell average {U™*! V"+1} and {U™1 W"”},

ijo i
. . 1 1
respectively. Again we denote V”Jr mod and Wl";“ mod ag V?f1 and Wi”jfl.

1
The procedure to reconstruct T"Jr mod

from {UTH! V"‘H} (wrl T"H} and obtain the new cell average V?;.”, “T’?.}rl, then we perform the reconstruction Step 3

1,] ’ 1] ’
. 1
in y direction from {Vl"}“], T”“} and obtain T"Jr mod

is divided into two parts; firstly we perform the reconstruction Step 3 in x direction

, which is also denoted as T{’}Ll.
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Table 1
¢t + ¢x =0, ¢(x, 0) = sin(;rx). Periodic boundary conditions. t = 2.
N Lo error Loo order Ly error L1 order
10 1.92E-03 8.47E—04
20 6.01E—05 5.00 2.66E—05 4.99
40 1.89E—06 4,99 8.22E—07 5.02
80 5.79E—08 5.03 2.57E—08 5.00
160 1.63E—09 515 8.04E—10 5.00
320 4,08E—11 532 2.52E-11 5.00
Table 2
¢ + sin(x)¢px =0, ¢ (x, 0) = sin(x). Periodic boundary conditions. t = 1.
N Loo error Lo order Ly error Ly order
10 5.76E—02 1.24E—-02
20 4.85E—04 6.89 112E—-04 6.79
40 5.91E—05 3.04 5.09E—-06 4.46
80 1.22E-06 5.59 1.32E-07 5.27
160 2.38E—08 5.69 3.49E-09 5.24
320 4,00E—-10 5.89 917E—11 5.25

3. Numerical result

In this section, we provide the numerical experiments for fifth order HWENO method in one dimension and two dimen-

sion. In all numerical experiments, we set At =0.8Ax3 in the one dimensional case and At =0.8———;— in the two
w053 T a7
dimensional case, where o = max |H} (u, v)| and 8 = max |H/,(u, v)|, in order to guarantee that spatial numerical errors are
u v

dominated.
3.1. One dimensional case with accurate test
Example 3.1. We solve the following linear scalar equation:

G+ ¢x=0, 0=x<2

with the initial condition ¢ (x, 0) = sin(;rx), and periodic boundary condition. We compute the solution up to t = 2, the
numerical errors and numerical order of HWENO method are shown in Table 1. We can see that the scheme achieves our
design accuracy.

Example 3.2. We solve the following variable coefficient linear equation:
¢ + sin(x)¢px =0, O0<x<2m
with the initial condition ¢ (x, 0) = sin(x), and periodic boundary condition, see [22]. The exact solution is
X
¢(x,t) =sin(2arctan(e™t tan(i)))

We compute the solution up to t = 1, the numerical errors and numerical order of HWENO method are shown in Table 2.
Again, we observe that, the fifth order is obtained by HWENO method.

Example 3.3. We solve the Burgers equation:

1
¢f+5(¢x+1>2=0, —“1<x<1

with the initial condition ¢(x,0) = —cos(;rx), and periodic boundary condition. We compute the solution up to t = ?TS.

2
At this time, the solution is still smooth. The numerical results are shown in Table 3. Again, we can see the scheme meet
our design accuracy.

Example 3.4. We solve the nonlinear scalar equation:

¢r —cos(¢px+1) =0, —1<x<1
with the initial condition ¢ (x, 0) = — cos(;rx), and periodic boundary condition. When t = ??3, the solution is still smooth.
The numerical results are shown in Table 4. As the Hamiltonian H(u) = —cos(u + 1) is neither convex nor concave, the

monotone modification is used. Again, we observe that the scheme can achieve its design accuracy both with and without
the monotone modification.
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Table 3
$c+ 3 (@x+ 12 =0, (x,0) = — cos(x). Periodic boundary conditions. t = 0.5/m2.
N Lo error Loo order Lq error Ly order
10 3.64E—03 5.62E—04
20 2.97E—04 3.61 2.27E—05 4.63
40 3.04E-06 6.61 2.98E—07 6.25
80 5.38E—08 5.82 4.38E—09 6.09
160 8.22E—10 6.03 7.58E—11 5.85
320 8.54E—12 6.59 1.88E—12 534
Table 4
¢ — cos(py + 1) =0, ¢ (x, 0) = — cos(rx). Periodic boundary conditions. t = 0.5/72.
N With the monotone modification Without the monotone modification
Loo error Loo order Ly error Ly order Lo error Lo order Ly error L1 order
10 6.71E—03 2.96E—03 7.48E—03 1.08E—-03
20 3.65E—04 4.20 9.77E—05 492 2.34E—-04 5.00 3.05E-05 5.15
40 3.00E—-05 3.60 2.71E—06 517 3.14E—05 2.90 1.40E—06 4.45
80 1.21E—-06 4.63 8.67E—08 4.97 1.06E—06 4.88 3.09E—08 5.50
160 9.58E—08 3.66 2.69E—09 5.01 1.61E—08 6.05 5.13E-10 5.91
320 2.84E—09 5.07 5.52E—11 5.61 2.22E—10 6.18 8.50E—12 591

3.2. One dimensional case with discontinuous derivative

Example 3.5. We solve the linear equation:
¢r+éx=0

with the initial condition ¢ (x, 0) = ¢o(x — 0.5) together with the periodic boundary condition, where

3K
2 cos( JTZX ) -3 S1sx<-s
3-1—3cos(27TX) 5=x<0
J3 9 o2& 2 Ce
P00 = (5 + 5 + D+ ]
2 2 3 15 1
— —3cos(27TX) O=x<3
2
28 + 47 3
+ —;cos( nx)+6nx(X—1) %§x<l.

We plot the result at t =2.0 and t = 8.0 in Fig. 1(a) and Fig. 1(b) respectively. We observe that the HWENO schemes have
good resolution for the corner singularity.

Example 3.6. We solve the problem:
¢¢ + sign(cos(x))px =0 0<x<2mw

with initial ¢ (x,0) = sin(x) and periodic boundary condition [2]. For the viscosity solution, a shock and a rarefaction wave
are forming at x = /2 and x = 37 /2, respectively. We compute the errors in smooth region [0, 1]J[2, 3.4] (6, 27], and
the result is listed in Table 5. We can see that the method reach the fifth order accurate as we expect. We also plot the
result at time t = 1.0 with mesh N =40 and N =80 in Fig. 2(a) and Fig. 2(b) respectively. We observe that the HWENO
schemes can converge to the viscosity solution.

Example 3.7. We solve one dimensional Burgers’ equation:
1
oot 3@+ D?=0  —1=x=<1

with ¢(x,0) = —cos(rx) and periodic boundary conditions. We compute the solution up to t = 3.5/2. At this time,
the discontinuous derivative has already appeared in the solution. We compute the L; and L, in smooth region
[—1,—-0.95]|J[—0.35, 1], the result is listed in Table 6. We can see that the method reach the fifth order accurate as we
expect. Also, we show the numerical results with mesh N =40 and N = 80 in Fig. 3(a) and Fig. 3(b) respectively. We can
see that the schemes give good results for this problem.
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1k

(a) (b)

Fig. 1. One dimensional linear equation. N =100 cells. (a). t = 2.0, (b). t = 8.0. Solid line: the exact solution; Square symbol: the HWENO scheme.

Table 5
¢ + sign(cos(x))¢x =0, ¢ (x, 0) = sin(x). Periodic boundary conditions. t = 1.
N Loo error Lo order L1 error Ly order
10 3.66E—03 2.69E—03
20 3.51E-04 3.99 1.68E—04 4,72
40 8.44E—05 2.06 1.79E-05 3.23
80 4.92E—06 428 5.75E—07 517
160 2.45E—07 433 6.64E—09 6.43
320 5.84E—10 8.90 3.65E—11 7.67

N=40

O HWENO
Exact

: ul
Akt 1y Whﬁﬂ_ﬁﬁfﬁﬁﬁwﬂﬁ c o b 1y
6

0 1 2 3 4 5 0 1 2 3 4 5 6
X X
(a) (b)

Fig. 2. One dimensional linear problem with non-smooth variable coefficient. t = 1. (a). N =40 and (b). N = 80. Solid line: the exact solution; Square
symbol: the HWENO scheme.

Example 3.8. We solve nonlinear equation with a non-convex flux
¢t —cos(¢px+1)=0

with the initial data ¢(x,0) = —cos(;rx) and periodic boundary conditions. This time, we compute the solution up to
t =1.5/72. As the Hamiltonian H(u) = — cos(u + 1) is neither convex nor concave, we use the monotone modification in
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Table 6
$c+ 3 (@x+ 12 =0, (x,0) = — cos(x). Periodic boundary conditions. t = 3.5/m72.
N Lo error Loo order Lq error Ly order
10 2.19E-04 9.38E—05
20 6.18E—06 5.68 1.35E—-06 6.74
40 1.58E—07 5.29 2.74E—-08 5.63
80 1.43E—09 714 6.61E—10 5.65
160 437E—-11 5.16 197E—-11 5.19
320 1.36E—12 5.07 6.12E—13 5.08
or Oor

-0.2

©-0.6

-0.8

(a) (b)

1 N=80
Exact
- + HWENO(Without Modification
= O
05
< ok
-05F
-1 L |
-1 0.5 0 0.5 1
X
(a) (b)

Fig.4. H(u) = —cos(u + 1). t = 1.5/m2. (a). N =40 and (b). N = 80. Solid line: the exact solution; Square symbol: the HWENO scheme with modification;
Plus symbol: the HWENO scheme without modification.

this case. However, we observe the figures before and after the monotone modification with N =40 and N = 80, which
are shown in Fig. 4, and find that the modification is dispensable in this case. In fact, only Examples 3.9 and 3.16 in this
paper absolutely need the monotone modification. We also record the troubled cell rate at each time level, which is shown
in Fig. 5, the average of the troubled cells rate at all time levels is 10.62% for N =40 and 5.174% for N = 80 respectively.
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Fig. 5. The troubled cell at each time level when N =40 and N = 80. Square symbol: the troubled cell.
Table 7
¢ — cos(dy + 1) =0, ¢ (x, 0) = — cos(rx). Periodic boundary conditions. t = 1.5/m2.
N With the monotone modification Without the monotone modification
Loo error Loo order Ly error Ly order Lo error Lo order Ly error Ly order
10 2.02E—02 5.67E—03 9.54E—03 4.34E—03
20 1.36E—-03 4.68 3.82E—-04 4.69 141E-03 3.32 4.73E—04 3.86
40 410E—-04 2.02 412E-05 3.74 3.20E—-04 249 3.86E—05 4.21
80 2.63E—05 4.29 1.75E—06 493 2.57E—05 3.94 1.75E—06 4.83
160 7.29E—07 539 4.35E—08 5.56 7.29E—07 5.36 4.35E—08 5.55
320 1.06E—08 6.23 1.02E—-09 5.52 1.06E—08 6.23 1.02E—09 5.52
Table 8
b+ §(@F -1} —4)=0,¢(x,0)=—2[x|. t=1.
N Even N 0dd
Lo error Order L1 error Order Lo error Order Ly error Order
10 2.80E—-01 9.43E—-02 11 5.73E-02 1.74E—02
20 9.17E—-02 1.90 110E—02 3.66 21 2.88E—02 117 3.30E-03 2.82
40 4.39E—03 4.78 2.60E—04 5.89 41 8.64E—04 5.51 6.04E—05 6.29
80 4.53E—05 6.90 1.46E—06 7.81 81 1.19E-05 5.93 4.71E-07 6.72
160 1.44E—-07 8.12 2.71E-09 8.88 161 5.67E—08 8.23 1.77E—-09 8.60
320 1.90E—09 6.17 3.06E—11 6.40 321 8.86E—10 5.94 4.66E—11 519

Finally, we compute the error in smooth region [—0.7,0.0](J[0.4, 1], the result is listed in Table 7. We can see that the
method reach the expected precision.

Example 3.9. We solve the problem
1 5 2
¢t+Z(¢X—1)(¢X—4)=O —1<x<1

with initial data ¢ (x, 0) = —2|x|. The Hamiltonian H(u) = %(u2 —1)(u? —4) is neither convex nor concave, and the monotone
modification is indispensable in this case. We compute error in smooth area [—1, —0.58]( J[0.58, 1] for odd and even values
of N, which is shown in Table 8, and we observe that this method can reach fifth precision. Fig. 6 list the result with and
without modification at t =1 with N =80 and N =81 by our scheme. The different behaviors result from the singular
point x = 0 is exactly located at the cell interface when N is even while the point is inside the cell when N is odd at t =0.
We observe that the method with monotone modification can correctly converge to the viscosity solution for both even and
odd N. We also record the troubled cell rate at each time level, which is shown at Fig. 7, and the average of the troubled
cells rate at all time levels is 3.120% and 3.090% for N =80 and N = 81 respectively.
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Fig.6. H(u) = (1/4)(u® —1)(u? —4). t = 1. (a). N =80 and (b). N = 81. Solid line: the exact solution; Square symbol: the HWENO scheme with modification;

Plus symbol: the HWENO scheme without modification.
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Fig. 7. The troubled cell at each time level when N =80 and N = 81. Square symbol: the troubled cell.

3.3. Two dimensional case with accurate test

Example 3.10. We solve the two dimensional linear scaler equation.

Ot +dx+¢y=0 —2<x,y=<2

with initial data ¢ (x, y, 0) = sin(7 (x + ¥)/2) and periodic condition. The result when t = 2 is listed in Table 9. We see that

the schemes can achieve the design accuracy.

Example 3.11. We solve the two dimensional Burgers’ equation

1
¢t+5(¢x+¢y+1)2=0 —2<xy<2

with initial data ¢(x, y,0) = —cos(%(x +¥)) and periodic condition. We compute the result up to t = 0.5/72 and the
solution is still smooth at that time. Again, from Table 10, we can see the scheme can achieve the design order.
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Table 9
¢t +dx+ ¢y =0,¢(x, y,0) =sin(w (x4 y)/2). Periodic boundary conditions. t = 2.
N Lo error Lo order Ly error L1 order
10 x 10 5.82E—03 3.44E—03
20 x 20 1.83E—04 4.99 1.07E—04 5.01
40 x 40 5.82E—06 4,98 3.32E-06 5.01
80 x 80 1.82E—07 5.00 1.04E—07 5.00
160 x 160 5.48E—09 5.05 3.23E-09 5.00
320 x 320 1.60E—10 5.09 1.01E—-10 5.00
Table 10
o + %(¢X +¢y+1)2=0, ¢(x,y,0) = —cos(% (x+ ¥)). Periodic boundary conditions. t =0.5/72.
N Lo error Loo order Ly error L1 order
10 x 10 3.36E—03 9.14E—04
20 x 20 3.87E—04 312 3.21E-05 4.83
40 x 40 6.37E—06 5.92 6.47E—07 5.63
80 x 80 1.20E—-07 5.73 1.21E-08 5.74
160 x 160 1.82E—09 6.05 2.55E—10 5.56
320 x 320 3.30E-11 5.78 6.86E—12 522
Table 11
¢ —cos(dx + ¢y +1) =0, p(x,y,0) = —cos(%(x + ¥)). Periodic boundary conditions. t =0.5/72.
N With monotone modify Without monotone modify
Lo error Loo order Ly error L1 order Lo error Loo order L1 error L1 order
10 x 10 4.10E—-02 8.73E-03 1.53E-02 2.31E-03
20 x 20 8.11E—-04 5.66 1.37E-04 5.99 5.69E—04 4.75 5.96E—05 5.28
40 x 40 6.65E—05 3.61 6.50E—06 4.40 6.15E—05 3.21 2.87E—06 438
80 x 80 5.36E—06 3.63 1.82E-07 516 2.04E—-06 491 6.37E—08 5.49
160 x 160 1.98E—07 4.76 3.90E—09 5.55 3.53E-08 5.85 117E—09 5.76
320 x 320 6.00E—09 5.05 7.21E-11 5.76 4.99E—10 6.15 217E-11 5.75
Table 12
Ge+ 2@x+ oy +1D?=0, ¢(x,y,0) = —cos(Z (x+ y)). Periodic boundary conditions. t =1.5/72.
N L error Lo order Ly error L1 order
10 x 10 1.93E-04 1.02E—04
20 x 20 2.18E—05 315 3.64E—06 4.81
40 x 40 1.06E—06 4.36 1.34E-07 4.77
80 x 80 4,57E—-08 4.53 4.62E—09 4.86
160 x 160 1.66E—09 478 1.54E—10 4.90
320 x 320 5.62E—11 4.88 6.63E—12 4.54
Example 3.12.
¢ —cos(px+¢y+1)=0 —2=<x,y=<2

with initial data ¢(x,0) = —cos(%(x+ ¥)) with periodic condition. We also compute the result up to t = 0.5/72 and the
solution is still smooth at that time. The Hamiltonian H(u, v) = —cos(u + v 4+ 1) is neither convex nor concave, so we
use the monotone modification. Again, from Table 11 we can see the scheme can achieve the design order both with and
without the modification.

3.4. Two dimensional case with discontinuous derivative
Example 3.13. We solve the two dimensional Burgers’ equation
¢t+%(¢x+¢y+1)2=o —2<x,y<2
with initial data ¢(x,y,0) = —cos(%(x + ¥)). We compute the result up to t = 1.5/w% and the derivative discontinuity
is appeared in the solution. Numerical error is shown in Table 12, which is computed in smooth subregion [0, 1.2] x

[—0.4, 0.8], we observe that the result can achieve the fifth precision. We also plot the results with 40 x 40 cells in Fig. 8(a)
and Fig. 8(b). We observe good resolutions in this example.
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Fig. 8. Two dimensional Burgers equation. t = 1.5/72 with the HWENO schemes with 40 x 40 cells. Contours of the solution (a) and the surface of the
solution (b).
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Fig. 9. The optimal control problem. t =1 with the HWENO schemes with 60 x 60 cells. Surface of the solution (a) and of the optimal control
 =sign(¢y) (b).

Example 3.14. We solve the problem from optimal control:

¢r + sin(y)px + (sin(x) + sign(¢y))py — % sinz(y) 4+cos(x) —1=0, —m<x,y<m

with ¢(x, y,0) =0 and periodic conditions. The solution is plotted at t =1 and the optimal control w = sign(¢)) are shown
is Fig. 9(a) and Fig. 9(b), respectively. Again, we can observe the good resolution is achieved by our method.

Example 3.15. We solve the problem
¢r —cos(px+ ¢y +1) =0, —2<Xxy<2
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Table 13
¢ —cos(dx + ¢y +1) =0, p(x,y,0) = —cos(%(x + ¥)). Periodic boundary conditions. t =1.5/72.
N With monotone modify Without monotone modify
Loo error Loo order L1 error L1 order Lo error Loo order Ly error L1 order
10 x 10 4.10E—-02 8.73E-03 1.53E-02 2.31E-03
20 x 20 8.11E—04 5.66 1.37E-04 5.99 5.69E—04 4.75 5.96E—05 5.28
40 x 40 6.65E—05 3.61 6.50E—06 4.40 6.15E—05 3.21 2.87E—06 438
80 x 80 5.36E—06 3.63 1.82E—-07 516 2.04E—06 491 6.37E—08 5.49
160 x 160 1.98E—07 4.76 3.90E—09 5.55 3.53E-08 5.85 117E—09 5.76
320 x 320 6.00E—09 5.05 7.21E-11 5.76 4.99E—10 6.15 217E-11 5.75
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Fig. 10. Two dimensional equation with a neither convex nor concave Hamiltonian. t = 1.5/7% with the HWENO schemes with 40 x 40 cells. Contours of
the solution (a) and surface of the solution (b).

with ¢(x, y,0) = —cos(5 (x+ y)) and periodic conditions. We also compute the solution up to t = 1.5/ and the solution
develop the discontinuous derivative. Although the Hamiltonian is neither convex nor concave in this case, the modification
is dispensable. We compute the numerical error in subregion [0, 0.4] x [—0.4, 0], which is shown in Table 13. Fifth precision
is achieved by our method. The results with 40 x 40 cells by HWENO method after modification are shown in Fig. 10(a) and
Fig. 10(b). We observe good resolutions for this example. We record the troubled cells rate at each time level, the average
of the troubled cells rate at all time levels is 19.75%. See Fig. 11.

Example 3.16. We solve the problem with neither convex nor concave Hamiltonian
¢ + sin(¢x + ¢y) =0, -1<x,y<1

with ¢ (x, y,0) = w(]y| — |x|). The monotone modification is indispensable in this case. The solution are shown in Fig. 12.
Again, we observe good resolution for this example. We record the troubled cells rate at each time level, the average of the
troubled cells rate at all time levels is 45.45%. See Fig. 13.

Example 3.17. We solve the two dimensional Eikonal equation

Get+\Joi+e3+1=0, 0=<xy<l

with the initial data ¢ (x, y,0) = }l(cos(2nx) — 1)(cos(2my) — 1) — 1. The solution are shown in Fig. 14(a) and 14(b) respec-
tively. We observe good resolutions for this example.
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o H

Fig. 11. The troubled cells at t = 1.5/72. Square symbol: the troubled cell.

Fig. 12. Two dimensional equation with a neither convex nor concave Hamiltonian. t =1 by the HWENO schemes with 40 x 40 cells. Contours of the
solution (a) and surface of the solution (b).

Example 3.18.

de—(1—¢eK)y/o2 +¢3+1=0, 0<x,y<1
dx,y,00=1— }l(cos(an) —1)(cosmry)—1)

where K is the mean curvature defined by:

_ Oa(1+97) — 2duybuty + byy (1 +¢7)
(1+¢5 + 7))

and ¢ is a small constant, the initial data ¢(x,y,0)=1— %(cos(an) — 1)(cos(2wy) — 1) and the periodic condition. The
approximation of the second derivatives are constructed by the method similar to that of the first derivative terms. The
results of € =0 (pure convection) and &€ = 0.1 by the HWENO method with 60 x 60 cells are presented in Fig. 15(a) and
Fig. 15(b). The surfaces at t =0 for ¢ =0 and for ¢ =0.1, and at t = 0.1 for ¢ = 0.1, are shifted downward in order to show
the detail of the solution at later time.
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Fig. 14. Eikonal equation. t =1 by the HWENO schemes with 60 x 60 cells. Contours of the solution (a) and surface of the solution (b).

4. Conclusion

In this paper, we present a class of new HWENO schemes based on finite volume framework to directly solve the HJ
equations in one and two dimensions. The main advantage of this schemes are their compactness and directly. For HWENO
reconstruction, both the cell average and the first moment of the solution are evolved, and for two dimensional case,
HWENO reconstruction is based on a dimension-by-dimension strategy which is the first used in HWENO reconstruction.
Extensive numerical experiments in one dimensional and two dimensional cases show that the schemes developed in this
paper have high order accuracy when the solution is smooth and high resolution in the region where the solution is with
discontinuous derivatives. For future work, we will consider evolving the point values ¢ and its derivatives u = ¢, and
v = ¢, by interpolation and their relevant PDEs, for ¢, use monotone Hamiltonian and for u, v, use the nonconservative
form of the PDEs they satisfy, to get one simpler HWENO scheme for HJ equation.
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