Journal of Scientific Computing (2023) 96:83
https://doi.org/10.1007/510915-023-02301-7

®

Check for
updates

Hybrid HWENO Method for Nonlinear Degenerate Parabolic
Equations

Muyassar Ahmat' - Jianxian Qiu?

Received: 20 March 2022 / Revised: 11 July 2023 / Accepted: 12 July 2023
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2023

Abstract

In this paper, a hybrid Hermite weighted essentially non-oscillatory scheme is proposed for
nonlinear degenerate parabolic equations which may contain discontinuity in the solution.
The present scheme is constructed by applying the hybrid HWENO method based on the
zero- and first-order moment with DDG flux to discrete the diffusion term in spatial direc-
tion and the third-order TVD Runge—Kutta method in temporal direction. A troubled-cell
indicator is first used to identify the cells in which the discontinuity may exist, then the
first-order moment in the troubled-cell is reconstructed by fifth-order HWENO scheme. To
avoid spurious oscillation, the HWENO reconstruction is performed when the reconstruction
stencils contain troubled-cell, otherwise linear reconstruction is performed straightforwardly.
Compared with WENO schemes, the present scheme has advantages: (1) compactness, only
immediate neighbor cells are used in the reconstruction procedure; (2) accuracy, the numeri-
cal errors by the present scheme are smaller than those by WENO schemes. Some benchmarks
for one- and two-dimensional parabolic equations to demonstrate the high order accuracy
and non-oscillatory performance of the present scheme.
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1 Introduction

Weighted essentially non-oscillatory (WENO) scheme is an effective method to solve the
hyperbolic conservation law which the solution may contain discontinuity. After the first
introduction of the third-order accurate finite volume WENO scheme [31] in one spatial
dimension, a general construction for arbitrary order accurate finite difference WENO scheme
was provided by Jiang and Shu [23] in 1996. A large variety of highly effective conserva-
tive finite volume and finite difference WENO schemes were widely studied since then by
researchers [8, 11, 14, 20, 22, 28, 42, 52] for the hyperbolic conservation laws.

The idea of the Hermite WENO (HWENO) scheme is similar to the WENO scheme but
has the advantage of keeping the compactness of the scheme by only using the immediate
neighbor cell informations of the solution and its derivative for reconstruction. The WENO
scheme, on the other hand, requires a wide range of cell information to achieve the same high
order accuracy. Therefore, HWENO scheme achieves higher order computational accuracy
than WENO scheme with the same stencil. Qiu and Shu [36, 38] presented the Hermite
WENO (HWENO) methodology, which discretizes the original and derivative equation in
the spatial direction. After this, various types of HWENO schemes were presented in [13,
30, 44, 47, 49, 51] for conservation law and relative equations, respectively.

Since the last decade, researchers have pay their attention to solve the nonlinear degenerate
parabolic equations which may generate discontinuity in the solution by WENO method [32].
A new finite difference WENO procedure was given by using optimum polynomial in the
stencil in [2]. Both explicit and implicit finite volume WENO schemes were developed on
non-uniform computational meshes in [5]. An efficient sixth-order finite difference WENO
scheme was obtained with a new type of nonlinear weight by Rathan [40]. High order finite
difference multi-resolution WENO method for the second derivative was constructed in [24].
Abedian [1] presented a finite difference WENO scheme that can take any artificial positive
linear weights(the sum equals one) by using the convex combination of two linear and one
fourth degree Legendre orthogonal monic polynomials. The authors [3] also introduced a
new sixth-order finite difference WENO based on exponential polynomials, the scheme can
achieve the maximal approximation order in smooth regions while maintaining its accuracy
in critical points.

In this paper, we design a hybrid HWENO scheme for nonlinear degenerate parabolic
equation which may cause possible discontinuity. Since the smooth solution accounts for
most of the probability, there is no need to use HWENO reconstruction for all cells but only
the cells where the discontinuity exists. Therefore, the hybrid HWENO method is a suitable
choice to achieve high-order accuracy and avoid unnecessary computation at the same time.
The main purpose of the hybrid HWENO scheme is to use the linear approximation directly in
the smooth regions and switch automatically to the HWENO procedure nearby discontinuity.

The switching principle is also a well-studied area in conservation laws. Various shock
detecting principles were studied and compared [37] by Qiu and Shu for Runge—Kutta dis-
continuous Galerkin method, such as TVB [16], BDF [25], BSB [12], MP [43], MMP [41],
KXRCEF [27] troubled-cell indicators. Here, we use another new type of troubled-cell indi-
cator [50], which is more simpler and effective for the present problem.

For the numerical flux of the diffusion term, we apply the direct discontinuous Galerkin
(DDG) flux [29] based on the direct weak formulation for solutions of parabolic equations,
which is consistent and conservative and also can ensure the nonlinear stability. Similar to
the numerical flux for the convection term, DDG flux also can provide the possibility that
cells communicate through numerical fluxes at cell boundaries only.
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Our main focus in this paper is to capture the discontinuity caused by nonlinear degener-
ate parabolic equation without oscillation. Such type of equations have wide applications in
collisional transport models in plasmas [17], radiative transport [26, 35], the flow of gas in
a porous medium [7, 33, 46]. This type of equations, such as the porous medium equation
(PME) may not have classical solution, even for the smooth initial data. Consequently, weak
solutions, their existence and uniqueness are studied in [4, 34, 45]. On the other hand, var-
ious numerical schemes are attempted to solve these equations numerically such as kinetic
scheme [6], relaxation scheme [15], WENO schemes [2, 5, 19, 24, 32, 40], finite volume
method [10], adaptive multi-resolution scheme [9], mixed finite element method [39] and
local discontinuous Galerkin finite element method [48].

Since the nonlinear degenerate parabolic equation may acts hyperbolically, it is essential to
construct a numerical scheme capable of simulating these features. Therefore, it is reasonable
to construct the numerical techniques, such as the HWENO technique, for solving nonlinear
degenerate parabolic equation. The organization of this paper is as follows: In Sect. 2, we
describe the HWENO scheme [49] with DDG flux for one- and two-dimensional parabolic
equation. In Sect. 3, the numerical method in the temporal direction and stability analysis for
linear equation are briefly given. The high order computational accuracy and non-oscillatory
property of the hybrid HWENO scheme are provided by numerical tests in Sect. 4. Brief
Conclusion is given in Sect. 5.

2 Finite Volume Hybrid HWENO Scheme

We consider the general form of advection-diffusion equation:

[ut + V- Fu)=AGwu), xR, 1€t T] @2.1)

u(x,0) =ugx), x e R.

We first multiply the governing equation (2.1) by test function ¢(x), then integrate by
parts over target cell [Jg, we can obtain the integral form as follows:

i[/ ugo(x)dx] :—/ (F(u)-n)go(x)ds—i—f Fu) - Vo((x)dx

drl Jo, a0 Do 22)

+/ (VG ) - n)p(x)ds —/ VG ) - Vo(x)dx,
a0y Oo

where n is the outward unit normal vector to d[y. For the one dimensional case, the cell [y
. . 1 — - — —_
is an interval I; = [xl_f l+1] p(x) = {75+ XM);’ Vo = fI[ Azdx, v = f]; uXAx);’ dx are
the zero-order moment (cell average) and first-order moment in cell /;, respectively. For the
two dimensional case, the cell Ly is a rectangle I; ; = [X,-,L , xi+%] X [yjfl yj+ 1], o(x) =
1 X—X; y=yj - g _ g X— —
{AXA) szA’» Axsz} Uij = /I i AxA»dXdy’ Vij = /1” szA ~dxdy, w;, Joo=
/ I Ax Ay Y dxdy are the zero-order moment (cell average), first-order moment in x and
y dlrectlon in cell I; j, respectively. Ax, Ay are the spatial step size in x and y direction,
respectively.
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The line integrals in (2.2) are approximated by K-point Gaussian quadrature formula on
the each edge of the cell, such as:

1 K
/B . (F) -m)p)ds ~ Y 10000, Y ok (F(u(Pi, 1)) - m)@(Pi),
=1 k=1
1
faD (VGw) - n)<p(x)ds~Z|8Dol|Zwk VG (u(Py, 1)) - 1)@ (Pir).
0

=1 k=1

(2.3)

where dly = Uélz 190o,. Pk is the Gauss quadrature point on the edge dly, while wy is
the corresponding normalized weight, and volume integrals in (2.2) are approximated by
K x K —point Gaussian quadrature formula:

K K
/ F(u) - Vo(dx ~ [Tyl Y > i F (u(Pu, 1)) - Vo (P,
Ho I=1 k=1 24)
K K @.
/D VG ) - Voxdx ~ ol Y > wiox VG (u(Pu, 1)) - Vo(Py).
=1 k=1

The flux F(u(Px, 1)) - n; and VG (u(Py, 1)) - m; should be reformulated by numerical
fluxes on the edge of the cell. In this paper, we choose to approximate F (u(P;k, t)) -n; by
the local Lax-Friedrichs flux as follows:

(F(ut Py, 1) + F(u™ (P, r))) ny

— %(qu(Plk, 1) —u” (Py, 1)),

0| —

F(u(Py., 1)) -1y 03

where « is defined as the upper bound for the eigenvalues of the Jacobian in the n; direction.
u~ (Py, t) and u™ (P, t) are high order approximations to u( Py, t) from inside and outside
of target cell Uy, respectively.

The flux VG(u(Plk, t)) - ny is specified by DDG flux [29]. The readers can find more
detailed information about DDG flux for different choice of coefficient in [29]. Here we use
this flux in the following notation:

[G(u(Pi. 1))] ‘

G(u(Py, 1)) -m = by
( ) [00o, |

n; + VG(M(Plk, t)) -ny, (2.6)

where [u] = ut —u", u = “Jr% As is tested in numerical experiment, the sum of
these two terms is sufficient enough to ensure the nonlinear stability with suitable coefficient
bo and we could have locally admissible underlying flux in each cell. In order to get the
numerical fluxes in (2.5) and (2.6), we have to reconstruct u™ ( Py, 1) and Vu®( Py, t). Now,
we describe the spatial reconstruction description in following steps.

Step 1. Identify the troubled-cell and modify the first-order moment in the troubled-cell.

It is possible that VG (1) = 0 for some value of u, which leads to lose the parabolicity of
the system and exhibit hyperbolic behavior, then discontinuity may appear for the solution
of equation. If the solution in the target cell [y is discontinuous, then cell Uy is marked as
troubled-cell.
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For one dimensional case, we use the troubled-cell indicator Z (it; 1, u;, itj4+1, V;) pre-
sented in [50] to identify the discontinuity:

L I, ©>c1Ax? max{fi, B2, B3},
TG 1. iy, e, U;) = 27
(i1, Ui, Wig1, V) {07 Otherwise. 2.7

when Z = 1, the cell I; would be marked as troubled-cell. In (2.7), the 81, 82, B3 and t are
defined as:

Br = 14407, Bo = (i; —ili—1)?, B3 = (41 — iti)%

o (|ﬂ1 — Bol + 11 —ﬂ3|)2

2.8
2 (2.8)
and two parameters c¢; and ¢, determine the sensitivity of the indicator. We tested different
choices of ¢; and ¢, for the test cases in this paper under different meshes and found that
c1 = 2 and ¢y = 2 is the most reliable and more suitable choice for our problem at hand.
When the cell /; is marked as troubled-cell, the first-order moment v; is modified as:
Xi

_ 1 — r X — X; ) X — X
v; Zwo(% f qo(x) Arl dx — ) q1(x) dx — "o q2(x) 5 dx)

sz I; Ax
X — X X — X
tor /1 0w dx—l-wz/li. P,

X

(2.9)

where the linear weights rg, r, » can be any positive numbers with condition ro+ry+r; = 1.
Polynomials go(x), g1(x), g2(x) are defined as:

X X — Xj4+
/ W00 gy =gy, j=—1.0,1, / g0 E =D g =,
Iivj liyj

Ax Ax?

(2.10)
/ D) gy — iy =10, f LY e =g =01
Ly Ax Iy, Ax

Then, the smoothness of the functions go(x), g1(x), g2(x) in the cell I; is measured with
the smoothness indicators B, B1, Ba:

K

.
_ d 2
B = ZAxZK 1[1. (dxkqm(x)) dx, m=0,1,2. .11
k=1 !

where r is the degree of polynomials g, (x).
We measure the absolute difference between By, 1 and B, by introducing a new parameter
7, then define nonlinear weights as following:

o= = = (1 ——)
U2 e, et B
2
t:<|/31 pal+ 1 ﬂ3|>’ o1 2.12)

where we take € = 107° to avoid zero in the denominator in this paper.

For two dimensional case, we use the same troubled-cell indicator as above. This procedure
is employed dimensional by dimensional manner. In x-direction, it; 1, ;, i;, j, 4;—1,j, V;, j are
used while u; jy1,u; j, u; j—1,w;, ; are used in y-direction. The cell I; ; is identified as a
trouble-cell whether it is marked in x or y direction.
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If the cell Op is marked as troubled-cell, then we modify the first order moment in this cell.
We apply with the same modification procedure in one-dimensional case, also dimensional
by dimensional manner. That is, we modify v; ; with ;1 j, u; j, u;—1,j, Vi+1,j, Vi—1,;, and
employ L_li’j_;,_l, L_ti’j, l/_tiyj_l, II)i,j_H, 'I)i,j—l to modify u_)i,j.

Step 2. The hybrid HWENO reconstruction procedure for uT (P, 1) and Vu(Py, 1).

If the cell [(Jy is marked as a troubled-cell, then we use above modified first-order moment
information in the HWENO reconstruction for # and it’s gradients Vu. The fifth-order finite
volume HWENO mythology [49] is applied for this reconstruction process.

In one-dimensional case, the big stencil is taken as So = {/;_1, I;, I;+1} while the two
small stencils are set to S; = {[;_1, I;}, S2 = {I;, Ii+1}. On these stencils, we obtain poly-
nomials go(x), g1(x), g2(x), satisfying:

X
[ By [ ww e = =00,
iy Ax i Ax?

I; j
| B dx =i, /q(x)x—xidx_,;. j=-10. @3
[i+j Ax i+j f 1 sz s s U, .
/ B gy =iy, /qz(x) Tdx=v,  j=0,1
1i+j Ax I;

where the linear weights rg, r, r are any set of positive numbers with condition anzo Tm =
1. So we have the final HWENO reconstruction polynomial:

1 r r
oK) = wO(%‘IO(x) - %CII(X) - %qz(X)) + w191 (x) + w2q2(x), (2.14)

where nonlinear weights wg, w1, w> and the parameter 7 are also defined as in (2.12). We
calculate the smoothness indicators B, 1, B2 with (2.11) to measure the smoothness of
the functions qo(x), g1(x), g2(x) in the cell [;, intending to maintain the same high order
computational accuracy in the smooth region and non-oscillatory property near discontinuity.

After this, we finally obtain the HWENO approximation for function and derivatives at
the cell interface of /; by:

un, =00 u =0 W)y = QG ). )y =001
(2.15)

The volume integral terms of equation (2.2) are approximated by 3-point Gaussian inte-
gration, such as: w1 = 15—8, wy = %, w3 = 15—8 are the quadrature weights, and the Gaussian
point coordinates are P; = X ﬁ, P, = x;, Py = x, f. The function and derivative

values at these Gauss-point values can be obtained directly by qo(Pr), d “opy, k=1,2,3.

If the cell /; is not marked as troubled-cell, then the reconstruction processes is imple-
mented by only using the linear approximation. So it is reasonable to use the highest degree
polynomial go(x), so that u;_% =qo (xl.+%), (“;)H% = q(’)(xl.Jr%), respectively.

In two-dimensional case, we need to reconstruct the point values ut(Py, t) and
wE (P, 1), uE (P, t) on the cell I; ; based on the formula (2.5) and (2.6).

For the HWENO scheme, we take big stencil Sp as in Fig. 1 and construct quartic polyno-
mial go(x, y). For four small stencils, we take S,,, m = 1, 2, 3, 4 as in Fig. 2, and construct
respective quadratic polynomial ¢, (x, y),m = 1, 2, 3, 4.
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Fig.1 The big stencil Sy and it’s
new labels
j+1 7 8 9
< p
J 4 5 3 6
j-1 1 2 3
i-1 i i+1
] 4 5 i 5 6 j+1 7 8 j+1 8 9
i1 1 2 j-1 2 3 i 4 5 j 5 6
i-1 S i i S, i+1 i-1 Sy i i Sy i+1

Fig.2 The four small stencils and their corresponding labels

With the assist of these polynomials, we can obtain the final HWENO reconstruction
polynomial Q(x, y) as:

1 4 . 4
Q. y) = wo(-qo(x.y) - > ’r—oqmu, M)+ D Ongm(xy).  (2.16)

m=1 m=1

with any set of artificial positive linear weights with condition Zi:o rm = 1. These poly-
nomials satisfy the conditions in following:

AxA
I, y
. (2.17)
/ & )x—andxd 5 / (x )y ynydxd -
Inxqm Y szAy Y = Un,, I’WQm » Y AxAy2 Yy = Wn,.
for
m=0, n=1,2,3,4,5,6,7,8,9, ny =ny=2,4,5,6,8;
m=1, n=1,2,4,5 ny=ny,=75; m=2, n=2,3,56 ny=ny=5;
m=3, n=4,5718, ny=ny=35; m=4, n=5,6,8,9, ny=n,=>5

We can obtain the quartic polynomial go(x, y) with the matching requirement of the zero-
order moments on the stencil Sy, the first-order moments on the cell /;,; while the others can
be obtained in the least square sense [21]. The expressions of four quadratic polynomials
gm(x,y),m = 1,2, 3,4 can directly obtain by requirements in (2.17), respectively.
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We compute the smoothness indicators S, (m = 0, 1, 2, 3, 4) to measure the smoothness
of the function g, (x, y) in the target cell /; ; as:

-
gl 2
B = |1 »|'K'*1/ <7q (x, y)) dxdy, m=0,1,23,4.
! |/§=:1 v 1y \x<1 9y
(2.18)
where r is the degree of ¢, (x, y) and x = (k1, k2), |k| = k1 4 k2. We introduce a new

parameter T to define the absolute difference between B,(m = 0,1, 2,3,4) and define
nonlinear weights as following:

4 2
oo (Bl bal} g (1

Om
o= =, (219)
) Z?:() Wm

in which € = 107%. The HWENO reconstruction of the solution u at the interface points is:

e+ Bm

4 4
1 n
w (P, 1) = Q(Py) = wo(%qowm) -y ;—qu(m)> + 3 ongm(Pi). (2.20)

m=1 m=1

where “ * " represents “ + " when Py is placed on the bottom or left interface of /; ;, and
“x " represents “ — " on the top or right interface of /; ;. The final HWENO reconstruction
of the derivative values at point ( Py, t) are:

4 4
90 (Pir) 1 dqo(Pi) Tm 0Gm (Pii) 0qm (Pix)
F(Ppy 1) = o = [ — STy T T T AL
e (P, ) ax 600<r0 0x W; ro  0x +mX_:1wm 9x
= = 2.21)
4 4
00 (Pii) 1 dqo(Pi) Fm 0qm (Pig) 0qm (Pri)
u*(P[k,t)=7=wo<—7— —_— |+ Oy ————.
' dy ro Ay ,nZ:l ro  dy n; "y

The 3 x 3 Gauss points are located as in Fig. 1, such as the quadrature weights are
w] = 1%7 wy = %, w3 = %, and the Gaussian point coordinates in x and y direction are
Py, :xF%, Py, = xi, Py :xi+% and Py, = yf%’ Py, =yj, Py, = yj+%.Asis
the same in one-dimensional case, the volume integrals in (2.2) are approximated by Gaussian
integration, and the Gauss point values are obtained directly by 61()(kaI , Pykz), ki, ky =
1,2,3.

The above HWENO procedure is used on the cell /; ; if it is marked as troubled-cell.
Otherwise, the values of solution u and derivative at point Py are approximated directly by
qo(Pi), qua(fzk) and f)qoa(;) 1) | respectively.

3 Time Discretization

So far, only spatial discretization has been considered. The Eq. (2.1) is equal to the first order
ordinary differential equation(ODE) after spatial discretization discussed above as:

du
IR 1
7 Lu). (3.1)

Any suitable ODE solvers can be applied on this ODE system. Here we apply the third
order total variation diminishing Runge—Kutta (TVD-RK3) method [18] to solve (3.1), which
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is given as

uD =y + AtL (™),

3 1

u® =2u 4 @ AL ™), (3.2)
1 2

w'th w4 2 ArL@®)).

The TVD-RK3 method has the ability of maintaining nonlinear stability. For advection-
diffusion equations, it is not the only solver works well, but could still be a appropriate choice.
The time step Ar must satisfies the Courant-Friedrich-Lewy (CFL) stability condition in order
to ensure numerical stability of the scheme.

To determine the CFL condition, we consider the linear advection-diffusion equation

U +auy = buyy. 3.3)

with the fifth order linear approximation in spatial direction and the TVD-RK3 method in

time direction. For the HWENO scheme with TVD-RK3 method to solve (3.3), it is required

that the time step restriction At < m, where F(u) = au, G(u) = bu and
TCFLAY T CRL, A

CFL, is the CFL condition for u; +au, = 0 while CFL, is the CFL condition for u; = bu .
Evaluating the numerical fluxes F; +1s G, +1 atx; 1y and obtaining F;_ 1 G,_ ! by shift-
ing the index with —1, insert these in (2.2) after Fourier transform, we have:

(5)4(0)

By applying the TVD-RK3 method for (3.4), we can obtain the amplification matrix and
it’s two eigenvalues. From the stability analysis and direct calculation, we obtain CFL, =
0.844 in the case of a = 1,b = 0 for (3.3) while CFL;, = 0.1282 in the case of a =
0, b = 1. Considering the stability of nonlinear advection-diffusion equation, we take CFL =
min(CFL,, CFL,) = CFL, in general. So we get the CFL restriction as:

max | F'(u)] N max |G’ (u)|
Ax Ax?

S
S

0 <CFL = At( ) < 0.1282. (3.5)

4 Numerical Tests

We conclude this paper with numerical verification for some one- and two-dimensional
diffusion and advection-diffusion equations.
For one-dimensional advection-diffusion equations

ur + Fu)x = Gy, 4.1
the time step is set as At = m While for two-dimensional problems
TAay T Az
ur + Fi(u)y + FZ(u)y =Gi1(u)xx + GZ(u)yya 4.2)
. . _ CFL
the time step is taken as At = IR ORI ATR
Ax Ay Ax2 Ay2

We take CFL=0.12 for all numerical simulation for hybrid HWENO scheme in this paper.
For all following one and two dimensional tests which contain the convection term, we
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apply the same fifth-order HWENO reconstruction [49] to discretize the advection term with
Lax-Friedrichs flux. For the propose of fair comparison with DWENO [32] and MRWENO
[24] schemes, we modify DWENO and MRWENO schemes to hybrid DWENO and hybrid
MRWENO schemes with new the troubled-cell indicator (4.3) based on nodal point informa-
tion. The CFL number is set to be 0.4 for hybrid DWENO and hybrid MRWENO schemes.
The troubled-cell indicator for DWENO and MRWENO is defined as:

1, 7> c1Ax“?max{f, B2},

T(ui—1, uj, u; = 4.3
(=1, i, i1 0, Otherwise. (4.3)

where B1, B> and t are defined as:

Bi= (i —uis)? B = (wir1 —u)®. v = (B — )" 4.4)

and the two parameters ¢ and ¢, are determined as in Sect. 2. When Z = 1, the cell /; would
be marked as troubled-cell.

To clarify, the combination of fifth order finite difference WENO scheme [23] with the Lax-
Friedrichs flux splitting and DWENO [32] scheme is considered in [32] to solve advection-
diffusion problems, while the combination of fifth order multi-resolution WENO method
[53] and MRWENO [24] scheme is used to solve advection-diffusion equation in [24]. This
is still the case during comparison in this paper for these two schemes.

When the diffusion term is written as (a(u)uy)y, an equivalent form can be rewritten
as g(u) . We employ DDG coefficient by = 1 for all one and two-dimensional tests. The
numerical solutions in the figures of the present scheme below are based on the cell-averages.

Example 1 We consider the convection-diffusion equation:
U + Uy = Uyy, 0=<x <2m. 4.5)

with the initial condition u(x,0) = sin(x) and periodic boundary condition. The exact
solution is u(x, t) = e~ ! sin(x — 1).

The L1, Ly, L errors and convergency results at 7 = 1 in domain x € [0, 27] are
shown in Table 1 and compared with hybrid DWENO and hybrid MRWENO scheme. We
can see that the numerical errors by hybrid HWENO scheme are smaller than those by hybrid
DWENO and hybrid MRWENO schemes with the same meshes.

Moreover, we compare the CPU cost against numerical errors in Fig. 3 for hybrid DWENO,
hybrid MRWENO and hybrid HWENO scheme. It can be observed that the hybrid HWENO
scheme is more efficient than hybrid DWENO and hybrid MRWENO scheme.

Example2 We compute the diffusion equation to measure the computational accuracy of
present scheme for one-dimensional smooth diffusion problem:

Ur = Uxx, —n <x=<m. (46)

with the initial condition u(x,0) = sin(x) and periodic boundary condition. The exact
solution is u(x, t) = e’ sin(x).

Table 2 gives the errors and sixth order of convergency results in terms of L, L, and
Lo norms at 7 = 2 in x € [—m, w] and compare the results with hybrid DWENO and
hybrid MRWENO schemes. The proposed scheme has comparable accuracy with that of
hybrid DWENO and MRWENO schemes. If the discontinues problem is considered, then
the modification of first order moment is required, and we can obtain fifth-order accuracy in
general.
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Table 1 The comparison of errors and rates of convergence of different numerical schemes at 7 = 1 for
Example 1

Hybrid HWENO Hybrid DWENO Hybrid MRWENO

N Loo Order Loo Order Loo order
20 2.1861e-08 1.6111e-05 1.6111e-05
40 1.0804e-10 7.6606 5.3596e-07 4.9097 5.3596e-07 4.9097
80 3.0833e-12 5.1310 1.7415e-08 4.9437 1.7415e-08 4.9437
160 3.6693e-14 6.3928 5.5728e-10 4.9658 5.5728e-10 4.9658
N L Order Ly Order Ly Order
20 1.4135e-08 1.0548e-05 1.0548e-05
40 6.8994e—-11 7.6786 3.4436e-07 4.9369 3.4436e-07 4.9369
80 1.9637e-12 5.1348 1.1135e-08 4.9507 1.1135e-08 4.9507
160 2.2563e-14 6.4435 3.5550e-10 4.9692 3.5550e-10 4.9692
N Ly Order Ly Order Ly Order
20 1.5636e-08 1.1632e-05 1.1632e-05
40 7.6561e~11 7.6741 3.8162¢-07 4.9299 3.8162¢-07 4.9299
80 2.1806e—12 5.1338 1.2352e-08 4.9493 1.2352e-08 4.9493
160 2.5084e-14 6.4418 3.9461e-10 4.9682 3.9461e-10 4.9682

4 4

—&—Hybrid DWENO —&—Hybrid DWENO
—*— Hybrid MRWENO —*— Hybrid MRWENO
—e— Hybrid HWENO —e— Hybrid HWENO

&
&

Log,,(L, error)

. Log,(L__ error)

N
&
N

-1.5 -1 -0.5 0 0.5 1 1.5 ) -1.5 -1 -0.5 0 0.5 1 15
Logw(CPU time(sec)) Logw(CPU time(sec))

Fig.3 CPU time against L error(left) and CPU time against L error(right) between hybrid DWENO, hybrid
MRWENO and hybrid HWENO scheme for Example 1

We show numerical errors against CPU cost by these three schemes in Fig. 4, which shows
the hybrid DWENO and hybrid MRWENO schemes have slightly better efficiency than
hybrid HWENO scheme. This is actually reasonable since hybrid HWENO scheme solves
two equations instead of one, as a result achieve better accuracy in the simulation.

In above two numerical tests, there is no troubled-cell is marked, therefore, all compu-
tation is based on linear approximation for all three schemes. Overall, the efficiency results
for advection-diffusion and diffusion equations indicates that the hybrid HWENO scheme
achieves smaller numerical errors and requires a little much computational time than hybrid
DWENO and MRWENO schemes.
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Table 2 The comparison of errors and rates of convergence of different numerical schemes at 7 = 2 for
Example 2

Hybrid HWENO Hybrid DWENO Hybrid MRWENO
N Loo Order Loo Order Loo Order
10 3.9461e-06 1.9512e-05 1.9512e-05
20 6.8756e—08 5.8428 2.5192e-07 6.2753 2.5192e-07 6.2753
40 1.0930e-09 5.9751 3.6702e-09 6.1010 3.6702e-09 6.1010
80 1.7178e~11 5.9916 5.6321e-11 6.0260 5.6321e-11 6.0260
N Ly Order L Order Ly Order
10 2.5540e-06 1.1480e-05 1.1480e-05
20 4.3450e-08 5.8772 1.5148e-07 6.2439 1.5148e-07 6.2439
40 6.9453e-10 5.9672 2.2748e-09 6.0572 2.2748e-09 6.0572
80 1.0930e-11 5.9896 3.5394e-11 6.0061 3.5394e-11 6.0061
N Ly Order Ly Order Ly Order
10 2.9120e-06 1.3832e-05 1.3832e-05
20 4.8619¢-08 5.9043 1.7384e-07 6.3141 1.7384e-07 6.3141
40 7.7290e-10 5.9751 2.5634e-09 6.0836 2.5634e-09 6.0836
80 1.2146e-11 5.9917 3.9579%e-11 6.0172 3.9579e-11 6.0172
4 4
—&—Hybrid DWENO —&—Hybrid DWENO
—*— Hybrid MRWENO —*— Hybrid MRWENO
—e— Hybrid HWENO —=e— Hybrid HWENO
-8 -8
’;o_‘ =
5 £
_I?i j’
12 12

25 2 A5 A 0.5 0 0.5 1 15 25 2 45 - 0.5 0 0.5 1 15
Log,,(CPU time(sec)) Log,((CPU time(sec))

Fig.4 CPU time versus Lo error(left) and CPU time versus L error(right) between hybrid DWENO, hybrid
MRWENO and hybrid HWENO scheme for Example 2

Example 3 We compute the Barenblatt solution of porous medium found by Zel’dovich and
Kompaneetz (see [7, 33, 46]) as:

ur = (U")xx, x €[-6,6],
1
_ 2 =1
By (x, 1) = tik[(l - %%)4_] 'uy =max(u,0), m>1, k= mil.
4.7)
We choose ¢+ = 1 as the initial time and the computation domain [—6, 6] with zero

boundary condition u(£6, ) = 0.
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T=2,Ne160, m=2 Troubled-cell trace of Hybrid HWENO

o Hybrid DWENO.
* Hybeid MRWENO,
o Hybrid HWENO.
— Exactsolution

s 4 2 x 0 2 4 6 s 4 2 x 0 2 4 6 4 4 2 x 0 2 4 6 6 4 2 x0 2 4 6

=2, Net60, m=4 Troubled-<elltrace of Hybrid DWENO Troubled-clltrace of Hybrid MRWENO. Troubled-<elltrace of Hybrid HWENO
os} ' !
< Hybrid DWENO
+ Hybrid MRWENO '
o Hybrid HWENO T T T
— Exactsolton . .
15 15 15 ' I
' i
| !
: \ ; l l
% 4 2 x 0 2 5 4 2 x 0 2 4 6 s 4 2 x 0 2 4 3 5 4 2 x 0 2 4 6
T=2,Net60, m=6
< Hybrd OWENO |
Hybrd HRWENO|
Hybrd HWENO
— Exactsolton
T T T
15 15 1o
1 1
5 4 2 x 0 2 4 6 5 4 2 x 0 2 4 6 s 4 2 x 0 2 4 5 5 4 2 x 0 2 4 6
T et meg ) Troubled-celltrace of Hybrid HWENO
09 s
< Hybid DWENO
* Hybrid NRWENO)
o Hybrid HYENO.
— Exactsolution
T T:
05 T
u 15 15t 15
03
o

1 1
4 2 x 0 2 4 6 4 2 x 0 2 4 6 4 2 x 0 2 4 6 § 4 2 x 0 2 4 6

Fig.5 Numerical solution of PME equation for m = 2, 4, 6, 8 and solution comparison with hybrid DWENO
and MRWENO scheme at 7 = 2 for Example 3(left), corresponding troubled-cell(right three)

The Barenblatt solution for different value of m can be simulated sharply and accurately
without noticeable oscillations near the interface with present scheme. The numerical solution
is compared with the results of hybrid DWENO, hybrid MRWENO schemes in Fig. 5(left),
and all three types of schemes give very similar results without oscillation. Yet the superiority
of the present scheme can be observed in the enlarged image. In Fig. 5(right three), we also
plotted the trajectory of the troubled-cell of these three schemes.

In order to observe the two-box colliding case with the same heights, we choose the initial
condition as:

1, x € (0.7,3.7) U (=3.7, —0.7),

0, otherwise. (4.8)

u(x,0) = {

This example simulates the temperature change of medium when two hot spots are placed
in the computational domain. The numerical solution of the PME equation with m = 5 is
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Fig.6 Same hight two-box collision case of PME equation when m = 5 for Example 3

T=09, =160, m=5 Troubled-elltrace of Hybrid DWENO Troubled-cell trace of Hybr

09t o Hybrid DWENO
* Hybrid MRWENO|
o Hybrid HWENO

005 - - 0
5 3 x 0 3 6 El 3 x 0 3 6 Bl 3 x 0 3 6 5 3 ox 0 3 6

Fig. 7 Comparison of hybrid DWENO, hybrid MRWENO and hybrid HWENO schemes for two-box with
same hight collision case of PME equation when m = 5 for Example 3(left) at 7 = 0.9 and troubled-cell
tract(right three)

plotted in Fig. 6 on varies time level. From Fig. 7(left), we can observe that the temperature
balance is more clear with present scheme than hybrid DWENO and hybrid MRWENO
scheme, which highlights the compact property of the hybrid HWENO scheme. The trajectory
of troubled-cell of these three different hybrid schemes are also given in Fig. 7(right three).

In order to observe the collision of two boxes with the different heights, we take the initial
condition as:

2, x € (0,3),
ulx,00=131, x € (—4,-1), 4.9)
0, otherwise.

We plot the numerical evolution of the PME equation with m = 6 in Fig. 8 on various
time levels. The compact property of hybrid HWENO scheme also can be seen in Fig. 9
while almost the same amount of troubled-cells are marked for each scheme. From Figs. 6
and 8, it can be observed that the two-boxes move outward independently at first, and collide.
Regardless of the heights of the two boxes are the same in the initial condition, they eventually
connect to each other, allowing the temperature to level off.

Example 4 Considering the scalar advection-diffusion Buckley-Leverett equation:

ur+ Fu)y = e(vwuy) , x €[0,1], ev(u) = 0. (4.10)
In current test case, we take € = 0.01. The advection flux F'(x) has an S-shaped form
2
u
Fu) = , 4.11)
(@) 2u? —2u +1
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Fig.8 Same hight two-box collision case of PME equation when m = 5 for Example 3

Troubled-<ell race of Hybrid MRWENO Troubled-celltrace of Hybrid HWENO
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[0 Hybria oweno |
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Fig. 9 Comparison of hybrid DWENO, hybrid MRWENO and hybrid HWENO schemes for two-box with
different hight collision case of PME equation when m = 6 for Example 3(left) at 7 = 0.08 and troubled-cell
tract (right three)

and
_J4ud —u), 0 <u =<1,
V) = =0, otherwise. 4.12)
so we can derive the explicit formulation of G («) by direct integration as:
0, u <0,
Gu)=1{eQu>—3u®), 0<u<l, (4.13)
23—5, u>1.
We consider the initial data as:
0 lox<i
=1, 3 ~ 4.14
M(X,O) {]—3)6,05)65;. ( )

and the inflow and outflow boundary conditions for this example.

The numerical solution for different numbers of grid points at 7 = 0.2 are computed in
Fig. 10(up left). Similar numerical waves with N = 200 spatial grid points are plotted in
Fig. 10(up right) with hybrid DWENO and hybrid MRWENO scheme. Our scheme develops
better results in sensitive points, which converge more accurately to the correct entropy
solution. On the bottom of Fig. 10, we also plot the track of troubled-cell of three different
hybrid schemes.
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T=0.2 T=0.2, N=200

© Hybrid HWENO N=100| © Hybrid DWENO
* Hybrid HWENO N=200, * Hybrid MRWENO
o Hybrid HWENO N=800, o Hybrid HWENO
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Fig. 10 Numerical solution of Buckley—Leverett equation (4.10) at 7 = 0.2 in x € [0, 1] with (4.11),(4.13)
and initial condition (4.14) for Example 4(up left), solution comparison with hybrid DWENO and MRWENO
scheme(up right) and corresponding troubled-cell of hybrid DWENO(bottom left), hybrid MRWENO(bottom
middle), hybrid HWENO(bottom right)

To observe the gravitational effects on Buckley—Leverett equation, we consider convection
flux (4.11), diffusion flux (4.13), and with the initial data representing a Riemann problem:

L1-L<x<l,
e, 0 =1 "0 V2T T (4.15)
’ f— \/E'

Figure 11(up left) shows that the present scheme produces numerical solutions for different
numbers of grid points at 7 = 0.2 without noticeable oscillation for the Riemann problem
with gravitational effect accurately. It can be observed from Fig. 11(up right) that hybrid
HWENO scheme is more closer to zero around point x = 0.245 while other two schemes
develop negative results around this point. The linear approximation accounts for the main
part of the calculation according to the Fig. 11(bottom three) for all three hybrid schemes.

To observe the non-gravitational effects on Buckley—Leverett equation, we consider dif-
fusion flux (4.13), the initial data (4.15), and the convection flux:

u?

Fuy=—"“
W= 1

In Fig. 12(up left), we plot numerical solution without gravitational effect. It can be
observed that present scheme also provide good result in this case under various grid meshes.
In Fig. 12(up right), we also can find the compatible advantages of the HWENO scheme.
The troubled-cells of three hybrid schemes in the entire computational process are also can
be seen in Fig. 12(bottom three).

(= 5u* + 10u — 4). (4.16)

Example 5 Considering the strongly degenerate parabolic advection-diffusion equation

u+ Fu), =e(vwuy) . x €[=2,2], ev(u) =0. 4.17)
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Fig. 11 Riemann problem of Buckley-Leverett equation (4.10) with gravitational effect at 7 = 0.2 in x €
[0, 1] with (4.11),(4.13) and initial condition (4.15) for Example 4(up left), solution comparison with hybrid
DWENO and MRWENO scheme(up right) and corresponding troubled-cell of hybrid DWENO(bottom left),
hybrid MRWENO(bottom middle), hybrid HWENO(bottom right)
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1 1 - =
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Fig. 12 Riemann problem of Buckley—Leverett equation (4.10) without gravitational effect at 7 = 0.2 in
x € [0, 1] with (4.16),(4.13) and initial condition (4.15) for Example 4(up left), solution comparison with
hybrid DWENO and MRWENO scheme(up right) and corresponding troubled-cell of hybrid DWENO(bottom

left), hybrid MRWENO(bottom middle), hybrid HWENO(bottom right)
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Fig. 13 Numerical solution of strongly degenerate parabolic convection-diffusion equation at 7 = 0.7
for Example S(up left), solution comparison with hybrid DWENO and MRWENO scheme(up right) and
corresponding troubled-cell of hybrid DWENO(bottom left), hybrid MRWENO(bottom middle), hybrid
HWENO(bottom right)

We take F'(u) = u?, ¢ =0.1, and

Lo ul> g,
= 4.18
v(u) {0! e (4.18)
The explicit formulation of G (#) can be written as:
-1 w= 4,
Guy={e(u+yz), u<-1 (4.19)
0, lul < %
The initial data is taken as
1 2 1 2
. \Tzl_gjx<72+1§, 2
ulx,00=141, ——2—§<x<——2—|—§, (4.20)
0, otherwise.

and a zero boundary condition u(+2, ) = 0 is considered.

The well-performed numerical simulations for capturing the discontinuity in the sharp
interface and the accurate transition between the parabolic and hyperbolic regions with dif-
ferent numbers of grid points at 7 = 0.7 are presented in Fig. 13(up left). At the edge
of transition regions, a small oscillation can be observed for hybrid DWENO and hybrid
MRWENO while hybrid HWENO scheme gives more proper result in Fig. 13(up right). The
troubled-cell trace of three hybrid schemes are also plotted in Fig. 13(bottom three).
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Table3 The comparison of errors and rates of convergence of different numerical schemes at 7 = 2 in interval
x € [—m, ] for Example 6

Hybrid HWENO Hybrid DWENO Hybrid MRWENO

N Loo Order Loo Order Loo Order
10*10 2.2438e-05 2.5362e-06 5.6064e-06

20%20 1.0469¢-06 4.4217 6.3004e-08 5.3311 6.9399¢-08 6.3360
40*40 3.7137e-08 4.8171 9.9345e-10 5.9869 9.9828e-10 6.1193
80*40 1.2018e-09 4.9496 1.5265¢e~11 6.0241 1.5267e~11 6.0310
N Ly Order Ly Order L Order
10*10 1.2002e-05 1.6772e-06 3.5985e-06

20%*20 6.0417e-07 4.3121 3.9858e-08 5.3950 4.3718e-08 6.3631
40*40 2.2528e-08 4.7451 6.3078e~10 5.9816 6.3384e-10 6.1080
80%80 7.4661e-10 49152 9.7117e~12 6.0213 9.7127e-12 6.0281
N Ly Order Ly Order Ly Order
10*10 1.4461e-05 1.9201e-06 4.1511e-06

20%20 7.0586e-07 4.3566 4.4648e-08 5.4265 4.9017e-08 6.4041
40*40 2.5641e-08 4.7829 7.0227e-10 5.9904 7.0568e—10 6.1181
80*80 8.3954e-10 4.9327 1.0793e-11 6.0238 1.0794e-11 6.0306

Example 6 Considering the two-dimensional diffusion equation to observe the accuracy:
Uy = Uyy +Uyy, —7T<x=<m—m=<y=<nm. 4.21)

The initial condition is taken as u(x, y, 0) = sin(x + y) with periodic boundary condition.
The exact solution is u(x, y, t) = e sin(x + y).

Tables 3 and 4 show the errors and rate of convergency in terms of L, L and L, norms
atT = 2inx € [—m, 7] and CPU time of hybrid DWENO, hybrid MRWENO schemes
and present scheme, respectively. Since the problem is smooth, there is no troubled-cells
to be marked, and also the modification of the first-order moment for our scheme. On the
other hand, our reconstruction is based on fifth-order finite volume HWENO mythology [49]
in the least square sense while the other two schemes is based on dimension-by-dimension
manner. Therefore, fifth-order convergency can be achieved for this two-dimensional smooth
problem. However, if the solution is discontinuous, then present scheme gives fourth-order
accurate computational result for two-dimensional tests in general. It is well known, for
two or higher dimension cases, the finite difference schemes will cost less CPU time than
finite volume schemes with same rectangular meshes. From Table 4 we can see that hybrid
HWENO costs more CPU time than Hybrid DWENO, Hybrid MRWENO in test case.

Example 7 Considering the two-dimensional PME equation:

= W) + W?)yy, —10<x <10,—10 <y < 10. 4.22)
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Table 4 CPU time of different numerical schemes for Example 6

NxN Hybrid HWENO Hybrid DWENO Hybrid MRWENO
10*10 2.0041e+01 1.2969e+00 1.4694e+00
20%20 3.0302e+02 6.8648e+00 9.5529¢+00
40*40 4.4157e+03 6.6889¢+01 6.8893e+01
80*80 7.0611e+04 6.3636e+02 7.0025e+02

T=0, N=100 T=0.05, N=100 T=0.1,N=100

T=05,N=100 T=1,N=100 T=4,N=100

Fig. 14 Numerical solution of hybrid HWENO scheme for two-dimensional PME equation with N = 100 of
Example 7 at time 7 = 0,0.05,0.1,0.5, 1, 4

with initial data

1
et a2 x2 4 y2 +4x —4y+2<0,

u(x,y,0) = em, x2+y2—4x+4y+2<0, (4.23)

0, otherwise.

The periodic boundary condition is considered for this example. The computation is
performed at time 7 = 0, 0.05, 0.1, 0.5, 1, 4. As we can see from Fig. 14, the results indicate
that the scheme capable of capturing the sharp interface without spurious oscillation while
not marking any troubled-cell, and agree with other related references [24, 32]. In Fig. 15,
we also plotted the numerical comparison of hybrid DWENO, hybrid MRWENO and hybrid
HWENO scheme in x- and y-direction at time level 7 = 0.05. The numerical superiority of
the hybrid HWENO scheme can be observed in both directions.

Example 8 Considering the two-dimensional Buckley—Leverett equation:

w+ (Fi), + (F2w), = e(uex +uyy), —15<x<15-15<y<L5.
(4.24)
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Fig. 15 Numerical solution comparison on x-direction(left) and y-direction(right) of hybrid DWENO, hybrid
MRWENO and hybrid HWENO scheme for two-dimensional PME equation with N = 100 for Example 7 at
time 7 = 0.05

with the flux functions

M2 M2 2
= = (- —4). 4.25
R = ot W= a5 i) (4.25)
We consider periodic boundary conditions in each direction with initial data
2 2
u(x, y,0) = {(1) 2+ 2y" < 1, (4.26)

otherwise.
where ¢ = 0.01.

To demonstrate the efficiency of the numerical scheme for solving this challenging
two-dimensional test, we plot the numerical solution(up) and corresponding troubled-cell
trajectory(bottom) in Fig. 16 at the time 7 = 0, 0.25, 0.5. The numerical comparison of
Hybrid DWENO, Hybrid MRWENO and Hybrid HWENO in x- and y-direction at 7 = 0.25
are also given in Fig. 17(left two), while the troubled-cell traces are provided for hybrid
DWENO and MRWENO scheme In Fig. 17(right two).

Example 9 Considering the two-dimensional strongly degenerate parabolic advection-
diffusion equation as for the last example:

u; + (F1 (u))x + (F(u)z)y = s((v(u)ux)x + (v(u)uy)y), —1.5
<x<15-15<y<l15. 4.27)
with the initial data
-1, 2x—D24+Q2y—-12<0.64,
u(x,y,0 =11, Q2x + 1D+ 2y +1)? < 0.64, (4.28)
0, otherwise.

and zero boundary condition for each direction, where ¢ = 0.1, Fi (1) = Fo(u) = u? and

v(u) is the same one in example 5.
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Fig. 16 Numerical solution of two-dimensional Buckley—Leverett equation at 7 = 0, 0.25, 0.5 with N = 100
for Example 8(up) and troubled-cell trace(bottom)
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Fig. 17 Numerical comparison of Hybrid DWENO, Hybrid MRWENO and Hybrid HWENO scheme in x-
and y-direction(left two)for two-dimensional Buckley—Leverett equation at 7 = 0.25 with N = 100 for
Example 8 and corresponding troubled-cell trace of DWENO and MRWENO scheme(right two)

Numerical performance without having oscillation at the transition zone of the hyperbolic
and parabolic region at time level 7 = 0, 0.25, 0.5 can be seen in Fig. 18(up) along with
the troubled-cell trajectory plot in Fig. 18(bottom). In Fig. 19(left two), we also compared
the numerical results of Hybrid DWENO, Hybrid MRWENO and Hybrid HWENO in x- and
y-direction at 7 = 0.25. The Hybrid HWENO scheme gives better results than other two
schemes. Our scheme performed well in eliminating spurious numerical oscillation in the
sharp interface. The troubled-cell marks are also given for hybrid DWENO and MRWENO
scheme In Fig. 19(right two).

5 Concluding Remark

We derive the fifth-order hybrid HWENO scheme for nonlinear degenerate parabolic equa-
tions by approximating the diffusion term with hybrid HWENO scheme assist with DDG
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Fig. 18 Numerical solution of Hybrid HWENO scheme for two-dimensional strongly degenerate parabolic
convection-diffusion equation at 7 = 0, 0.25,0.5 with N = 100 for Example 9(up) and corresponding
troubled-cell trace(bottom)

T:025,y=0 =025, %60 =025 Troubled-cell trace of Hybrid MRWENO at 1=0.25
 Hyord DWENO N=100 © Hybrid DWENON=100
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Fig. 19 Numerical comparison of Hybrid DWENO, Hybrid MRWENO and Hybrid HWENO scheme in x-
and y-direction(left two)for two-dimensional strongly degenerate parabolic convection-diffusion equation at
T = 0.25 with N = 100 for Example 9n and corresponding troubled-cell trace of DWENO and MRWENO
scheme(right two)

flux in this paper. The spatial reconstruction is performed by using the zero- and first-order
moments, and the TVD-RK3 method is used in temporal discretization. A trouble-cell indi-
cator is applied to identify the discontinuity and the HWENO reconstruction is applied in
these troubled-cells to avoid the oscillation while using straightforward linear approximation
in the smooth regions. The present scheme approximates the diffusion term by only using the
information in immediate neighbor stencils. Extensive numerical experiments are provided
for diffusion-domain equations, such as diffusion equation, PME equation, Buckley-Leverett
equation, strongly degenerate parabolic convection-diffusion equation. The hybrid HWENO
scheme is effective and has the advantages of high-order computational accuracy and essen-
tially non-oscillatory property for all test cases. It is well known, for two or higher dimension
cases, the finite difference schemes will cost less CPU time than finite volume schemes with
same rectangular meshes. As a result, hybrid HWENO costs more CPU time than Hybrid
DWENO, Hybrid MRWENO in two dimensional test cases. It is well known fact that high
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order finite difference WENO scheme can be only constructed on rectangular meshes or the
meshes can be mapped into rectangular meshes with high order mapping. On the other hand,
finite volume WENO/HWENO schemes have more potential to extend to unstructured grids,
such as triangular mesh, which is our next work.

Data Availablity Data sharing not applicable to this article as no datasets were generated or analyzed during
the current study.
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