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Abstract

In this paper, we propose to combine the fifth-order Hermite weighted essentially non-
oscillatory (HWENO) scheme and the fast sweeping method (FSM) for the solution of the
steady-state Sy transport equation in the finite volume framework. It is well-known that
the Sy transport equation asymptotically converges to a macroscopic diffusion equation in
the limit of optically thick systems with small absorption and sources. Numerical methods
which can preserve the asymptotic diffusion limit are referred to as asymptotic preserving
methods. In the one-dimensional case, we provide the analysis to demonstrate the asymp-
totic preserving property of the high order finite volume HWENO method, by showing that
its cell-edge and cell-average fluxes possess the thick diffusion limit. A hybrid strategy to
compute the nonlinear weights in the HWENO reconstruction is introduced to save compu-
tational costs. Extensive one- and two-dimensional numerical experiments are performed to
verify the accuracy, asymptotic preserving property and positivity of the proposed HWENO
FSM. The proposed HWENO method can also be combined with the Diffusion Synthetic
Acceleration algorithm to improve computational efficiency.

Keywords Weighted essentially non-oscillatory (WENO) method - Hermite method - Fast
sweeping method - Sy transport equation - Asymptotic preserving property - Diffusion limit

1 Introduction

In this paper, we present a high order asymptotic preserving weighted essentially non-
oscillatory (WENO) method for the steady-state transport equation, which can preserve the
diffusion limit of the equation in the discrete setting. The radiative transport equation is a
kinetic model which describes the scattering and absorbing of particles moving through a

The work of Y. Xing is partially supported by the NSF grant DMS-175358]1.
The work of J. Qiu is partially supported by NSFC grant 12071392.

B Yulong Xing
xing.205 @osu.edu

Published online: 22 August 2022 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10915-022-01965-x&domain=pdf
http://orcid.org/0000-0002-3504-6194

3 Page2of40 Journal of Scientific Computing (2022) 93:3

medium and plays an important role in a wide range of scientific and engineering applications.
The steady-state monoenergetic linear transport equation takes the form

oy 1 s d—1
Q- VY Q)+ YD) = W«; £0.) (0 +e0M),  (xQeDxs,
(1.1a)
V(% Q) =GxQ), xQel,
(1.1b)

where D € R (with d = 1,2, 3) is an open bounded domain. When d = 3, the set of
propagation directions is the unit sphere S? in R3. When d = 1, 2, it becomes the projection
of S? onto R?, i.e., S! is a unit disk if d = 2 and S is unit segment [—1, 1]ifd = 1.~ =
{(x, V) €D x S | nx) v < O} is the incoming boundary, with n(x) being the unit outer
normal vectoratx € dD. v (x, 2) denotes the angular intensity, and ¢ (x) = de_l YdS2isthe
scalar flux representing the integral of 1 over SY~!. ¢ is the scaling parameter, representing
the ratio of a particle mean free path to a characteristic scale length of the system. o; and
o, are the non-dimensionalized total and absorption macroscopic cross section, respectively.
The difference of them is the scattering macroscopic cross section, denoted by oy satisfying
o5 = 0y — 04, which will be used later. Q(x) is the external source function, and G (x, 2) is
the given incoming flux on I' .

It is well-known that when ¢ is very small uniformly in the entire domain, the angular
flux i away from the boundary is nearly independent of the angular direction €2, and the
transport model can be accurately approximated by a macroscopic diffusion equation that
depends on the variable x only [13, 19, 22, 26, 32]. Asymptotic preserving (AP) numerical
methods [16] refer to the methods that are accurate and robust in all regimes from transport
dominated to diffusion dominated. AP discretization of the transport equation (1.1) reduces
to a consistent and stable discretization of the macroscopic diffusion equation when € goes
to zero.

There have been extensive studies on various AP numerical methods for solving the linear
transport equation. Larsen et al. first used asymptotic analysis to study the behavior of discrete
transport solutions, and produced many important results on the relationship between the
analytical and numerical solutions of the transport equations [1, 12, 20, 24, 25]. Larsen and
others used the asymptotic expansion methods to analyze the behavior of several numerical
schemes, such as the diamond difference method [9, 33], step difference method [9, 33], the
Lund-Wilson method [29, 30] and Castor [10] method in the thick and intermediate regimes.
Adams extended the asymptotic analysis to a complete family of discontinuous finite-element
methods (DFEMs) and showed that some DFEM schemes do not possess the diffusion limit
because the upwind numerical flux forces the scalar flux, and thus the angular flux, to be
continuous across the mesh cells [1]. Guermond and Kanschat proved by using functional
analytic tools that a necessary and sufficient condition for the standard upwind discontinuous
Galerkin approximation to converge to the correct limit solution in the diffusive regime is that
the approximation space contains a linear space of continuous functions, and the restrictions
of the functions of this space to each mesh cell contain the linear polynomials [12]. Most
recently, Wang has derived a theoretical result to determine the mesh size for a variety of
finite difference schemes to achieve accurate results in the diffusion limit [43].

The finite volume Hermite WENO (HWENO) method will be considered in this paper.
WENO methods are a class of high order numerical methods for solving the hyperbolic
conservation laws, which yield very robust and non-oscillatory solutions near the shocks,
and have been widely used in applications. Recently, high order HWENO methods, with a
more compact reconstruction stencil, have also gained much attention in solving hyperbolic
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conservation laws. The HWENO and WENO methods have similar building blocks, and
the major difference between them is that the HWENO method uses both the unknown
function and its first derivative (or first moment) in the reconstruction and update procedure.
The HWENO scheme was first proposed as a robust limiter for the discontinuous Galerkin
(DG) method in [35, 36], thanks to the compact stencil required in its reconstruction steps.
In [37, 54], the HWENO scheme was extended to solve the Hamilton-Jacobi equations,
and achieved very good numerical results. Compared with the standard WENO scheme, its
boundary treatment is much simpler and the numerical error is observed to be smaller with
the same meshes, as shown in [37]. The HWENO scheme was later extended to solve the
hyperbolic conservation laws in the finite difference [28] and finite volume [53] frameworks,
and the same advantages have been observed.

In the past few decades, many efficient numerical solvers for the static hyperbolic conser-
vation laws and Hamilton-Jacobi equations have been developed. Among them, one of the
most popular methods is the fast sweeping method (FSM) [17, 34, 41, 52], which was first
proposed by Boué and Dupuis [4] to solve a deterministic control problem with quadratic
running cost using Markov chain approximation. In [52], a systematic way for solving the
Eikonal equations using FSM was introduced by Zhao. Later, many high order FSMs have
been developed to solve static Hamilton-Jacobi equations, in the framework of finite dif-
ference WENO [14, 48, 51] and finite element DG [27, 31, 46, 49] methods. In [8], high
order WENO FSM was proposed for solving the steady-state hyperbolic conservation laws
with source terms. In [7] and [47], FSM was combined with the fixed point iteration idea,
first proposed in [50], to provide an efficient WENO solver for the steady-state hyperbolic
conservation laws. In this paper, we propose to combine the finite volume HWENO method
with the fast sweeping technique, and apply them to the steady-state linear transport equa-
tions. In the angular discretization, we adopt the discrete ordinate (Sy) method, in which the
angular variable is discretized into a finite number of directions, see [23] and the references
therein for more discussions on the Sy method. The main novel contribution of this paper
is to present a class of high order AP methods, by demonstrating that the proposed finite
volume HWENO FSM preserves the asymptotic diffusion limit when ¢ — 0. Many high
order AP methods have been studied for the linear transport equations in the literature, and
most of their spatial discretizations are in the DG framework. While DG methods enjoy many
advantages including their robustness, flexibility and AP property (under certain conditions
on the polynomial spaces, see [1, 12]), they are also known to be computationally expensive
in multi dimensions when the polynomial degree becomes large. In [43], it was shown that the
original WENO method does not have the AP property. We also investigated finite difference
HWENO FSM and numerical results indicate that it is not AP. Here we present a high order
finite volume HWENO method (fifth-order HWENO is presented as an example, although
the same idea can be extended to higher order if needed), which can be proven to have the
AP property following the similar approach in [24] to show the AP property of the linear
discontinuous (LD) method. The proposed method can also be viewed as the higher-order
extension of the LD method in one dimension, and that of the bilinear discontinuous finite
element method [6] in multi dimensions. In addition, we present a hybrid strategy to reduce
the computational cost of evaluating the nonlinear weights in the HWENO reconstruction,
which was shown to save about 50% CPU time in the numerical tests. In the two-dimensional
case, we employ the dimension-by-dimension HWENO reconstruction procedure in the finite
volume framework as in [54], which can achieve the same essentially non-oscillatory prop-
erty as the genuine two-dimensional strategy, and is easier to code than the latter one. Both
one- and two-dimensional algorithms have been studied, and extensive numerical examples
are provided to confirm the AP property and robustness of the proposed methods. Finally,
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we will combine the HWENO method and diffusion synthetic acceleration (DSA) method
[3, 5, 18, 21, 38] to improve the computational efficiency, and present a numerical example
on the fixed-source neutron transport equation with different scattering ratios to illustrate the
acceleration via DSA.

The rest of the paper is organized as follows. In Sect. 2, we describe in detail the HWENO
FSM for Sy transport equation in one-dimensional (1D) case. The analysis of thick diffusion
limit is also provided. In the Sect. 3, we introduce the HWENO FSM for the multidimensional
Sy transport equation, and provide the flowchart of HWENO FSM in the two-dimensional
(2D) setting. The numerical examples are performed to demonstrate the high accuracy, posi-
tive and thick diffusion limit of our proposed schemes in Sect. 4. In Sect. 5, the acceleration of
HWENO method via DSA is investigated. Some conclusion remarks are presented in Sect. 6.

2 One-Dimensional Sy Transport Equation

In this section, we will present the HWENO FSM for the 1D transport equation in the finite
volume framework, and analyze the diffusion limit of the resulting method.

2.1 Mathematical Model and HWENO Method

The steady-state, monoenergetic, discrete ordinates Sy transport equation in 1D slab geom-
etry [0, L] with isotropic scattering takes the form [25]

Ly + L = 5 (2 )%w( Jom+50(), 1=m<M
Mmdx Xy Wm e X, Wm) = 7\ % €0q Xy Wm ) ®Om B X), =m=M,

m=1

(2.1a)
YO, ) = fm) = fm, 0 <pm =1, (2.1b)
Y (L, i) = &(m) = gm>» —1 = m <0, (2.1¢)

M

where Y ¥ (x, wm)wm = ¢(x) is the scalar flux, with w,, being the Gaussian quadra-
m=1

ture weights. M is assumed to be an even integer in this paper, which means a symmetric

quadrature set is used. The symmetric quadrature set {u,,, @, } satisfies

M 2, k=0,
> () om = 10, for k odd, 2.2)
m=1 %, for k even,

where k is an integer with k <2M — 1.
We assume the computational domain [0, L] has been divided into cells I; =

[xjfé, xj+%], j =1,---,J for all m. The cell center and the mesh size are denoted as
Xj= (xjf% +xj+%)/2 and Ax; = xj+% —xjf% as in Fig. 1. Let ¥, (x) = ¥ (x, ), we
define
i = 5 [ s By = o [0 23)
JR— xX)dx, P= X X, .
m,j ij I m m,j ij I m ij
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Fig.1 The segment in one-dimensional case

as the numerical approximation to the average of angular flux and its first moment. Similarly,
we can define

1 ~
Qj = TxJ 5 Q(x)dx, Qj = A

1 1 M M
¢; = E, /1 ¢ (x)dx = A /I Z Y (X, ) Opdx = Z Y, jOm’ (2.4)
¢’j = AXJ ij / Zlﬂ(x Mm)a)m Zwm j®m-

m=1

(2.5)

We assume that material properties o;, 0, are constants within each cell but can vary between
cells, which means that cell-wise constant cross sections will be considered. This assumption
has been adopted in many studies on neutron transport equations [1, 24, 25]. Multiplying
(2.1) by integrating on cell /; and applying integration by parts

yield

Ax

M
! 91,j L so1 e
Ax; /:j (Y ())xdx + =Y j = 5 (— — g0y, ,) ; kjok+ 50, (2.62)

1 1 o1 j ~
ij <§ (Mmllfm,j_y_% +Mm‘//m’j_%) - ,uml//m,j) + Twm’j

M
1 Ut,j o~ E ~
=5<T—80a /)];Wk,jwk-i-EQj, (2.6b)
YO, um) = fin, 0<pm =<1, (2.6¢)
Y(L, wm) = gm, —1=pm <0, (2.6d)

where the following equality with Fy, (V) = ¥ (x)

/(F W)x—Ldx =

J

1
2 <Fm(x 1)+Fm(x %)) _Mml/fm,j 2.7

is used in the derivation of the second equation.
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The HWENO numerical discretizations of Eq. (2.1) are now given by

M
1 -~ -~ O'[,j 1 Gt,j
ij (Fm,j-ﬁ—% - Fm,j—%) + Twmnf :E (T - EG‘LJ) Z Wk,jwk

k=1
e
2.8)
1 1 ~ ~ O1,j ~ 1 /oy, Mo
Aixj (g(Fm,H—% + FmJ_L) MV, /) 7 m,j :E (T - EUa,j) ]; k, j @k
E ~
with F JE) being the numerical fluxes to be specified, and ¥, 1 = fi, if uy > 0 and

/. I+ = 8m if uy, < 0. In this paper, we use the Godunov numerlcal flux [11], taking the
form

. . +
min , if
v eyt I HinWm wm’]+2 Wm ]Jr
-~ _ mj+y T mj+
F,iy= o N (2.9)
max WY, Y >
Yt <y<y~ m,j+5 m,j+5
m j+l - m,j+%

The Godunov flux can be further simplified for our linear flux, which leads to the following
two cases:

o If u,, > 0, the HWENO scheme (2.8) becomes

_ _ Ot,j 1
A (P =ty ) % =3 (% = eon) Z‘”k o
€
(2.10)
_ _ Ot,j =~ 1 Ot,j u -~
Ax1< (1/fm1+1+‘/’ ;)—Wm,j>+7’lﬁm,j=E<T’—80a])2¢ ko Ok
k=1
£ ~
with wm’% = fm-
o If u, < 0, the HWENO scheme (2.8) becomes
o1 1 /04 M
[ 3
A (v )+ %o =3 (% eo0) Lo
k=1
£
w (2.11)
"w O j ~ 1 jo:,j ~
A;nj < (w;’l_ﬂrl +W+ 1)_1/[m /) ;/ Wm,j :E (%_80}1,])2 k,j @k
k=1
E ~

with ‘/’m!/_»,_% =gm-
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Remark 2.1 For the problems with spatially varying cross sections, examples of simulations
that may not be adequately described by cell-wise constant cross sections include nuclear
reactor depletion calculations and radiative transfer calculations for high energy density
physics experiments. The accuracy of the finite volume HWENO method studied here may be
affected due to the approximate coefficients o, j and o, j in the jth cell. The HWENO method
can also be extended to solve such problems with high order accuracy, but the corresponding
iterative scheme is no longer the same as numerical quadrature rule and Newton iteration
will be introduced, and the asymptotic analysis will be different.

Next, we will present the HWENO reconstruction procedure to evaluate the high-order

interface value approximations ijji, from the cell average values v, ; and the first

moments 1//m, - For ease of presentation, we assume the mesh is uniform, i.e. Ax; = Ax for
all j. The detailed procedure of the HWENO reconstruction is summarized as follows:

1. Based on three small stencils Sg = {/; 1, I;}, Sy = {I;, Ij11}, So = {11, I}, 1j 11},
and their union T = {Sg,S;,S;}, we construct three Hermite cubic polynomials
po(x), p1(x), pa(x), and a fifth-order polynomial g (x) such that

1 .
Po()dX = Y, jris po(x)—”’dx =Vmjri,  i=-10,
Ax J... Ax Jy. Ax
J+i JH
1 j+l .
r pr(x)dx = 1sbm,j+iv ~~ PI(X) dx = %1 JHis i=0,1,
X Ij+i /+t
P2(X)dx = Y jtis 7/ Pz(x) gy = Y. j» i=-1,0,1,
Ax Jiy
1 j+l .
— q(xX)dx =Y, jyi» — q(x ) dx = Ym jiis»  i=-1,0,1.
Ax 1./. . Ax I_/'+¢

Only the values of these polynomials at the cell interfaces x = x j) are needed, and they
take the form

1 1 —~ —~
Po(x;r_%) = EWm,jfl + El/fm,j + 21/fm,j71 - Zlﬁm,j; (2.12a)
_ 3 1
PO(XH) 4¢m j-1+ wm i+ ij 1 + Wm js (2.12b)
2
4 1 23,\ 7A )
Pl(xj_%) = lefm,j + ZWm,jJrl - 71//m,j - E'/’”””" (2.12¢)
_ 1 1
P11 = SVm + 5Vt + 2V — 2Um,j+1; (2.12d)
]+2 2 2
5 2 60 ~
p2(x;r_%) = &wm,jfl + g‘ﬁm,j + g‘pm,jJrl - ﬁwm,ﬁ (2.12¢)
_ 2 7 60 ~
p2(x )= = Vm, j—1+ llfm,j + *\[fm,jJrl + *I//m,jQ (2.12f)
Jt3 33
T 8 7 13 28 ~ 241 ~ 25 ~
q(xji%) = EWm,j—l + Ewm,j wm Jj+1 + Wm j=1— 54 Wm,j - g'ﬁm,]’—}—l;
(2.12g)
_ 13 7 8 25 ~ 241 ~ 28 ~
q(xj+%) @Wm,j—l + Ewm,j + ﬁwm,j-kl + glﬁm,j—l + Wm j— 7Wm j+Ls
(2.12h)
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2. For each small stencil S, k = 0, 1, 2, we compute the smooth indicators respectively,
which measure the smoothness of the reconstructed polynomials px(x), kK = 0, 1, 2, in the
target cell /;. The smaller the indicator is, the smoother the polynomial is in the target cells.
Generally speaking, the smooth indicators are defined as [15]

3 1 2
_ d
Br = E /I szl ! <ka(x)) dx, k=0,1,2, (2.13)
=171

and their specific expressions are given by

1 —~ ~
Bo =1¢ Wm.j = Ymj-1 = 54V, j - 6Vm,j—1)*
39 - ~
+ 1 (S5 Wm it + 5V = 38U, j — 22V 1)
3905 - ~
+ e (“Ymj-1 + Y = 6Um,j — 6Vm. j—1)°,

1 o
B = Wiy = Y1 + 540 + 6T j11)?

39 ~ ~

+ 76 ("SVmjrt SV j + 38V, j + 22U, )2
3905 —~ —~

+ g (CYmrt Vg + 6Un,j + 6V, )2

1 ~ 5, 13 )
B2 :M(_wm,jfl + Y, j+1 + 2400, ;)" + E(_llfm,jfl +2Ym,j — Ym,j+1)

355 ~ o,

+ H(_l//m,j-ﬁ-l + Y, j—1 + 249, )"

In this paper, we follow the approachin [45], and use ﬂ,’{ = 1B,k = 1, 2, 3as the smoothness
indicator, where

T = max [|at,j+1 — ol log, j+1 — as,j|] Ax,

1 =max [|oy,j — o7, j—1l, log,j — 05, j—11] Ax
and 7o = max[1g, 71]. These parameters are introduced in [45] to estimate the local material
heterogeneity, and for the steady-state linear problem studied in this paper, it is known that

the discontinuity will appear only at the location when the heterogeneity occurs.
3. We compute the linear weights, denoted by yx (xTi 1), k=0,1,2, satisfying
JE3

2
907, 1) = kZO 7O P ) 2.14)

in the smooth regions, which leads to the values

14 25 2
+ = — + = + = —
VO(x]_%)— 37 Vl(xj_%) 189" VZ(xj_%) 63’
N R PR
W 1) = 1ge MY = o YLD TG

@ Springer



Journal of Scientific Computing (2022) 93:3 Page 9 of 40 3

4. To eliminate the possible oscillation during the reconstruction procedure, we combine
the linear weights and smoothness indicators to evaluate the nonlinear weights [15]

. wk(x ) . yk(x )

W =— 777 @ k=0,1,2 2.15

a)k(xji%) Z‘N‘)K(xjil)! a)k(xji%) B+ 32, 1,2, (215)
7 2

where € is a small positive number to avoid the denominator becoming zero, and is taken as
€ = 107°. The actual HWENO approximations of the cell interface values take the form

Zwk(x LR ), (2.16)

m /:t
with py (x;:E ,) defined in (2.12a)—(2.12f).
2

Remark 2.2 1t is not difficult to observe from (2.13) that, if both o; and oy are constants in the
big stencil T, the corresponding B, equals to zero. Therefore, we can replace the nonlinear
HWENO reconstruction (2.16) by the following linear approximation in (2.12g)—(2.12h)

. 13 28 241 25
Wm’jfj wm j—1 + tﬁm, Wm Jj+1 + I/fm j—1— I/fm j— 4 m,j+15
(2.17a)
_ 241 ~ 28 ~
1//"1}4-2 1)0m; 1+ 1/fm]‘f‘ 1/fm]+l+ I//m] 1+ 4wm,j_ﬁwm,j+l-
(2.17b)

This hybrid strategy is valid since the shock will not appear for this steady-state linear equation
in the region when o; and o are both constants. From the numerical results in Sect. 4, it can
be observed that this strategy can save about 50% CPU time.

2.2 Fast Sweeping Idea to Solve the Global Linear System

The proposed HWENO scheme for the linear transport equation takes the form of (2.10)
or (2.11), combined with the HWENO reconstruction of w:F/ . This is a large system

involving the flux term (coupling in x direction) on the left side and the summation term
(coupling in Q2 direction) on the right side. The fast sweeping idea is adopted to solve this
system efficiently. Let us first denote the right-hand side term of the two equations in (2.10)
as S; and §_,-, respectively. We summarize the flowchart of HWENO FSM for Sy equation
in 1D as follows and refer to [51, 52] for more details of the FSM.
Step 1. Initialization: We take 0 as the initial guess of the unknowns v, ; and 1//m j for all
m and j, and evaluate S; and S
Step 2. Gauss-Seidel iteration wzth alternating sweeps. We sweep the whole domain with
the following two alternating orderings repeatedly for each m:

Oj=1— J:if u, > 0, solve the system (2.10) for each j from left to right.
After updating the approximation ¥, ; and {ﬁm j in the cell I, we can apply HWENO
reconstruction to obtain the cell-edge flux I/In;’j_i_ ! based on the most updated values of

Ym, j+i and \Zm,j+i @=-101.
a j = J — 1:if u, < 0, solve the system (2.11) for each j from right to left.
After updating the approximation v, ; and v, ; in the cell I;, we can apply HWENO
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reconstruction to obtain the cell-edge flux I/In-:j , based on the most updated values of

P > 2
Ym,j+i and Y, ji @ = —1,0,1).

At the boundary of the computational domain, high-order extrapolations are used to com-
pute the values at the ghost cells, which are needed for the HWENO reconstruction near the
boundary After repeatmg this process for all m directions, we can compute scalar flux ¢;,
¢> j from ¥y, ;, lpm j via Gauss quadrature (2.4)—(2.5), and update S, S This completes one
Gauss-Seidel iteration.

Step 3. Convergence: Repeat the Gauss-Seidel iteration until the convergence criteria is
satisfied. In this paper, if the scalar flux satisfies

(S — ||¢new _ ¢Old||Ll < 10714’

for two consecutive iteration steps, we stop the iteration.
The pseudo code of Step 2 is presented in Algorithm 1, where the superscript n indicates
the results in “n-th" iteration.

Algorithm 1 The Gauss-Seidel iteration of evaluating the scalar flux " *! from "

Require: The values of ¥, ;, S; and §j after n-th iteration.
for m = 1to M do
if 1, > O then
Y1 < fm

m,
for j = 1toJdo
Solve (2.10) to obtain ¥, ; and 1//m J

Compute cell-edge ¢ . =1 | by HWENO reconstruction
mv./+j m,_/+7
end for
High order extrapolation are used to compute the values at the ghost cells
else

1’[/m J+l < 8m
for j = J to 1do N
Solve (2.11) to obtain ¥, ; and ¥y, ;

Compute cell-edge wm -1 = w+ .1 by HWENO reconstruction
, mj—%
end for
High order extrapolation are used to compute the values at the ghost cells
end if
end for

for j = 1toJdo
M o~ M -~
bj= 2 Um, j©m, j= ) Um jom
m=1 m=1

Sj =% (%L —c0u;)9j+505 8 =5(% —cou)
end for
if 6 =||¢" ! — "], < 107! then
Stop iterate
else
Return to the top and continue the iteration
end if

Remark 2.3 The high-order extrapolations are used to evaluate the values at the ghost cells.
Because the stencil of HWENO method is more compact than that of WENO method, we need
only one ghost cell in the left and right boundaries of the computational domain, respectively.
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Remark 2.4 Note that the alternating sweeping direction described here is different from that
in [51, 52]. If the characteristic direction is unknown, the sweeping direction was from left
to right and then from right to left for one-dimensional problems. Here, since the neutron
characteristics direction is available, namely from left to right when w,, > 0 and from right
to left when w,, < 0, we set the sweeping direction in the same way, which has also been
utilized in [45].

2.3 Thick Diffusion Limit

One focus of the proposed HWENO method is its AP property when ¢ is small. In this
subsection, we will provide the mathematical analysis to study the thick diffusion limit of
the HWENO method. It will be shown that the cell-edge and cell-average fluxes possess a
thick diffusion limit, and the HWENO method is very accurate for problems with anisotropic
boundary fluxes. The detailed analysis is inspired by that of the LD method in [24].

Itis known that when ¢ — 0, the solution of the 1D linear transport equation (2.1) satisfies
[24, 25]

Y(x, u) = @+0(s), (2.18)

where ¢ (x) is the solution of the diffusion equation

d 1 d
— b+ oup =0, 219

dx 30, dx

with appropriate boundary conditions, and we refer to [24] for more discussions on this.

Below, we will analyze the asymptotic diffusion limit of the HWENO FSM with linear
reconstruction, and verify that it is a consistent approximation of the diffusion equation (2.19).
We start by presenting the HWENO method in the asymptotic form, plugging in the suitable
ansatz, and collecting the equations with different orders of ¢. Since the proof is lengthy, the
detailed proof of the AP property is separated into four steps summarized as follows.

Let us rewrite the HWENO FSM (2.10)—(2.11) in the following asymptotic form

M
£Q;
2’ " (2.20)
%:j (%(1//,,,,”% + 1/fm,j,%) - Wm,j) + %Am,j =% (% - 80a,j> I;‘kak
e
=
where we ignore the “£" sign in the numerical fluxes for simplicity, and ml = S if

Mm > 0,9, L1 = 8m if u;; < 0. To perform the asymptotic analysis, we start by
T2
introducing the following ansatz

o0
Vi = Z ghy®
k=0
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for both the cell-edge fluxes ¥, j+h and cell-average fluxes v, ; in (2.8). After plugging
this ansatz into the HWENO method (2.20), we collect the equations with different orders
of e.

Step 1, O(¢~!) equations: The two O (¢~!) equations are

o (o155 =

(2.21)
() 0
01, (w,ﬁ,), Z w,ﬁ j)a)k>
These equations have isotropic solutions
1

(0) _ (0) L

Z Vi ok = 565,
(2.22)

"(0) (0)
Zw ),

where ¢§0) and :55.0) are the average values and first moments of ¢ at cell I}, respectively.

Step 2, O(£") equations: The O (s?) equations can be summarized as
(Y] (1) Ham ©) 0)
Ot,j (wm,j Zlﬁ ) ?x (Wm,jJrl Wm ],l>’
7 (1) _ (U] (] )
o ( —wa ) (wmw Vi1~ 9] )

where w;o)l = fuif um > O, wé‘”ﬂl = gm if m < 0. Following the linear HWENO
reconstruct%on (2.17a), (2.17b) and (2.222), we have

(2.23)

©) 1 0 ©) © , 250 241 ~©0 _ 28~0)
Vgl = <108 ¢ 3 ¢ i+ 5 J 27701 )"
(2.24)
forl <j <Jif w, >0,or
1/8 7 28 241 25
© _1(8 0 ) ) ~0) 24l 290
Vit = 2 <27¢f Tl 108¢/+2 HETA AT f+2>

(2.25)

for0 < j < J — 1if u, < 0. Multiplying (2.23) by Gauss quadrature weights w,,, and
summing over m, we find that the left sides vanish, and the right sides yield the solvability
conditions (after using (2.2), more specifically, ), mmw, = 0)

M
_ 0) :
for0= Zlumwmﬁ%wm, 0<j=<1J. (2226)
which must be satisfied for a solution of (2.23) to exist.
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We start by considering the case of j = 0. The combination of (2.25) and (2.26) leads to

L8 0,7 o, 13 0,280 _ 240 2550
0=-( — — A A
2 (27‘1’0 TR0 s Tt Tt T MX;O“”“’""

+ Z W fin @ - 2.27)

>0

Let us define y as in [24]

=2 tmon 1.

m>0
Combined with (2.2), we obtain
v v
D tmom = and Y oy ===, (2.28)
>0 <0

therefore the Eq. (2.27) yields

28 ~0) 241 ~0) 250 4
77¢0 —57¢1 _574(]52 Z; Zﬂmfmwm-

m>0

8 o, 7 0, 13 o
27“50 T +108¢2 +

(2.29)

Next, for any j satisfying 1 < j < J — 1 or j = J, we follow the similar approach to
combine (2.26), (2.24), (2.25) and (2.28) and derive

1B o 7 .0 8 .0 25~0 24~ 280
By, Lo+ L4094+ 250, 4 250 _B50

108771 5477 54 2777+
8 o, T o 13 0 2850 _ 240
=% Tt igglinet 7% T syt
25
—gﬁ‘ﬁz, l<j<J—1 (2.30)
B.o 70,8 0 6 250 , 20 2850
TPt % Tt T 5t 5%~ 5%
4
= D litmlgnem. 231)

m <0

Let us define the following cell interface notations:

¢<%o> _ 2;87@()0) n 1772¢§m n %@0) n g%m N %(ﬂo) B g@o)i
- %q&;@ + 17—2¢j.221 + %qﬂz n %@m _ %Aﬂl B %517(22’
¢;0+)% = %4’3021 + %¢§O) + %¢§0+)1 + ?253011 + %@0) _ %@Ol]

l<j=<J-1

which can be denoted as
o _ (O O)] ) “X0) 20) 20) . : .
¢j+% _Ll <¢/ ) ¢j+]s ¢j+25 ¢/ ) ¢j+]s ¢j+2) ) 0 E ] E J - 15

(2.32)
) 0 (O (0 20) “N0) “N0) . ; .
¢j+% :L2<¢j_]7¢' 5¢j+]!¢j_]!¢ ¢j+1): l<j=<J;

j ’
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with L and L, being two linear operators. In the ghost cells Iy and /71, we use the fifth-order
extrapolation to evaluate their cell averages and first moments in this paper, and have

5 J
o) _ . (0) 0 _ 74 (0)
90 =D city s b= D oy
j=1 j=J1—4
5 J
- 0~ ~ 0
do=Y 6oV b=y e, (2.33)
j=1 j=J—4

where c;, c’j,’c\j and ¢/ j are constants computed by Lagrange interpolating. Therefore, by
combining the linear relations (2.32) and (2.33), and then inverting them, we can obtain two
linear operators L and L, such that

0 0 0 0 0 .
o =1 (o o0) B =T (o 00) =i

Atthe end of this step, let us summarize the results that are derived from Egs. (2.29)—-(2.31)
and will be used later:

4
¢ == "t fnom: (2.342)
: 14 m >0
0 0 0 .
¢§-)=L(¢§),---,¢(Jil), 1<j<J. (2.34b)
N 2 2
¢\ = Z(@‘”, o ,d)(o)l) L l<j<J, (2.34¢)
0
oy = Z |n| @ (2.34d)
Mm<0
and
Sms j=0, wum>0;
y@ =110 l=<j=/J, Pm > 0; (235)
mity |20 |02 =1 g <0 '

8m» ]:J, Mm<0-

Also, note that the general solutions of (2.23) take the form

Hm (0) (0) :
, 1 <j=<J. 2.36
o m Waay V) 157 (2.36)

1
(1) (Y]
wm,j = 5¢J

Step 3, O (¢')equations: Next, we consider the O (g!) equations, which take the form

) @ M (1) M 1 _(0) ‘
" (wm’j Z Vije k) T Ax (wmw% N me—%) 2 (_‘"‘*f‘l’f +0j).

7@ 2) _ ) o) ) (2.37)
ot (8= 3 29 ) == o (0, 20
1 20)
+2( 9a.j9 +QJ>
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The solvability conditions of these equations are

M
Z //vmw(l) 1 Wm — Z me( ). lwm = Ax <_Ua,j¢;0) + Q/) s (2.38)

m,j+%
m=1

M
1
Zﬂmwfny)j_,r%wm‘i‘ZMmI//() 1@ _2ZMm1//m ]wm +2Ax( Oq ]¢ +Qj)
m=1 m=1 m=1
(2.39)

Adding Eq. (2.38) over the jth and (j + 1)th cells, and taking the difference of Eq. (2.39) at
cells j and j + 1, yield two equalities with the same left side, which leads to the equivalence

of their right sides. Therefore, we have
u A
e (‘/’r(nl,)jﬂ - w;}f_,) Om + TX ["“»Hl (‘/’1('(21 - 255031) +0a, (‘1’50) + 2‘%‘0))]
m=1
= S (@11 =204 +(Q;+20p]. 1=j=J-1L. (2.40)
Step 4, diffusion equation: In this last step, we combine the results in the previous steps
and show that the solution ¢<0) satisfies an equation which is a consistent numerical dis-

cretization of the diffusion equation (2.19).
We first plug in Eqs. (2.34)—(2.36) into Eq. (2.40) and obtain

@7y =9 )+ @) =0

30, Ax T it3

30t H_]Ax

Ax © A0 ©) |, ~2(0)
+ 5 [a i@ =280 + 000 +28)]

Ax ~ —~ )
=7[(Qj+1—2Qj+1)+(Qj+2Qj)], l<j=<J-1 (2.41)

I at an
y point x, € [xj_%,

We consider the Taylor expansion of ¢ (x) and ¢(x) N

which leads to
"

¢ (x) = ps + PL(x — x0) + %*(x —x0)% + 0(AXY),

4 <¢>; it ﬁ) (x — x) (2.42)

X
Ax

—Xj_ X
¢ (x) Ax = ¢
<¢>£Z — +¢*)(X—x*)+0(Ax)

A

Taking x, = x i) multiplying (2.42) with ﬁ, and integrating on the cell /; yield
_ Ax Ax? P 0 3
b =9; 1+7¢] +T¢ j_%-l- (Ax7),

-2
¢ = —

following (2.4) and (2.5), hence

~ A Ax?
01— S5y + 0,

- Ax I sz " 3
¢ — 2¢j = ¢j7% + Td) ];% + T(b j*% + O(Ax”). (2.43)
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Similarly, we can take x, = x jd and obtain

—~ Ax Ax? 3
$j+20;=0;,1 TWH% + ?05”14% + O(Ax7).
Hence, the Eq. (2.41) becomes
- (0) (U] (0) 0)
30t j+1Ax (d). +5 ¢j+%) t 30 Ax 30, jAx (¢1+2 d)j*%)

Ax
0 0) 2
+ T(O-a,j+l¢j+% + 0a,j¢j+%) + O(AX )
=AxQ;. 1 +0(AXY), 1<j<J-1, (2.44)
where the right side of equation utilized the equality
(Qj+1 =20,41) +(Q; +20)) =201 + 0(Ax?),

derived in the similar way. Equation (2.44), combined with the boundary conditions

0 0
V= Z P fnom, and @) | = — Z || g (2.45)
Mm>0 : Hm<0

provides a consistent numerical discretization of the diffusion equation (2.19).
In summary, we obtain the following expression for the cell-edge angular fluxes

fmv ] = 0, Mm > 0
- Z M fin@m s Jj=0,un <0
um>0
Vol = 2¢§(2[, 1<j<J—1{+0@), (2.46)

- Z [ | &m@m, Jj=J,m >0
,U«m<0

8m» j:J»Mm<0

with ¢(10) and (/)5(21 defined in (2.45), and ¢>;(2, being the solution of (2.44). For the cell-
2 2 2

average angular fluxes, we have

_ 1 © ©)
Wm,j—§L<¢§ 7"'a¢‘]+% +0(8)s

with L being the inverse operator to convert the cell interface values into the cell average
values. Therefore, when taking the limit as ¢ approaches zero, the numerical solution v/, ol

reduces to the solution of the diffusion equation (2.19), which satisfies the stable and con-
sistent method (2.44). In addition, Eq. (2.18) is also achieved. This is the AP property that is
desired for the finite volume HWENO method.

3 Multidimensional Sy Transport Equation

In this section, we will discuss the finite volume HWENO FSM for multi-dimensional Sy
transport equation (1.1) with isotropic scattering neutron source. Two dimensions will be
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used as an example to describe the HWENO FSM method, and the proposed method can be
directly extended to any dimension. We consider the following two-dimensional equation

a a lof
m =V (X, Y, Wns M) + N — (X, ¥, i, M) + *IW()C: Yy M )
dx ay £

= (% o) o + S0, @ R Gun) €11 X -1 1]
4 e a ’ 4 ’ ’ ’ ’ m» fin ’ ’ ’
(3.1)

YO,y s M) = fOG Y, s M)y (6, Y) €07, (Ums n) € [=1, 1] x [=1, 1],
3.2)

where u,, and 7, represent cosine values of the angles between the neutron direction and
x-axis and y-axis, respectively. Here ¢ and v are the scalar flux and angular flux with

M
</>(x,y)=f/ Y,y mdpdn = ) Onoa (X, ¥, s ),
[—=1,1]x[-1,1]

m,n=1

where w,, and w, are the level symmetric quadrature weights.

Assume the computational domain has been divided into cells [; ; = J; x K; =
[x,_% Xl+5]><[y]_%, y]+£] withi =1,---, Ny, j =1,---, Ny. We denote the cell center
as (x;, yj) = ((x,_l +xl+1)/2 (yj_l ~|—yj+1)/2) and the mesh size as Ax; = Xip ] =X 1
Ayj=y; ey Tyl The cell average and first moments of the unknown are denoted as

N

1
L — Vs s n)dxdy,
W;,,/ Axlij /Iij W(X Yy Hm ﬂn) xay
m,n — X
L = N d d 5
wz,J Axlij //z] Y(x, y, hm 7)71) Ax; xday 5
(3.3)
I’/;’m,‘n = 1 / W(x7 yv va nl’l)y_yjdXdy!
" Axiij I Ayj

~m,n —Xiy—yj
L = X, , dxd
Vi Axlij f// VX, y, tm M)~ Av Ay, Y.

For simplicity, we ignore the superscript m, n without causmg any confusmn Similarly, we
can define the cell average and moments of ¢ as ¢; j, qb, N d)l js qb, j» and those of Q as

X—X; y—Yyj xX—x; Y— _
0ij, 01 0i j, Q,,/.We multiply (3.1) by AX[ij, AAy, BAuay? and Ax,-z A)Z L respec

tively, and then integrate them on the cell /; ;. Applying integration by parts and replacmg the
cell interface values by the Godunov numerical flux as discussed in one-dimensional setting
in Sect. 2.1, we have the following HWENO discretization

_Hm + _ut
AviAy; /Kj[llf (4 s Vs s M) = Y= (10 Yy B 1) 1Ay

" + _ T
+ AxiAy; /;’[w (x, yj+%, s ) — ¥ (x, yj_%» M, Mn)1d x
O1ij 1 /oy,ij M €
f, s t, k1
4 0Ll g Z( i _gga,,-j) > oo+ 501, (3.4)
k=1
Hm + + Mm m,n
Y Xip 1o ¥y s M) + (61, Y, fams 1) 1dy — i
STve /K,W g s ) + G5 )My = S5
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n X —
* Ax;Ayj / Ax; [w x, y]+1 s oms 1) = w (x, y]_, s Mn)]dx
Ot,ij 1 /0, M e
t,ij Tm, 1,ij ~r.I e
v Z( e ~eoais) 3 Dijonor + 1% (3.5)
k=1
Mm y—=JYj + o
AxiAy; / Ay; [y (xi+%ﬂ Yo loms ) — Y (xi—%! Y, s M) 1dy
n * + n m,n
+M J,-[w (x,y.;+%,ﬂm,f7n)+1ﬁ (X,yj'_ialimﬂh)]dx — Ay) 1//1‘,]'
0 1 /o M e
Lij Ymon tij ~kl -
+ 500 = 3 (B —eoair) X Uijonen+ 380, (3.6)
k=1
Mm y—yj o o
ZAXiij / . ij [1// (xH_I » Vs Mms nn) + 1// (xl_l; Vs Um, T}n)]dy — Ax; 1//i,j
Mn X — T
+ 2Ax,-ij / Ax; [1[/ (x, y]+1 s s M) + 1// (x, y]_, s Mo M) Jdx ij wi,j
U ~m,n O1.ij
i = ,( i _ o, ,,) Z w, Ja)ka)z—i- 0. i 3.7)
k=1

where the numerical flux wi(x”l, Y, [ms M) is chosen to ¥ when u, > 0 and ¥~
2
otherwise. Similarly, the numerical flux wi(x, Vit 1 Wm, M) is chosen to ¢+ when n,, > 0

and v~ otherwise. The integrals of the flux over K; or J; are evaluated via the HWENO
reconstruction to be discussed in the following subsection.

3.1 HWENO Reconstruction in 2D

We can use the dimension-by-dimension strategy to reconstruct these integrals in the HWENO
method (3.4)—(3.7), and refer the detailed discussion to [54]. The procedure of these recon-
structions is sketched as follows. Again, for ease of presentation, we assume the uniform mesh
with Ax; = Ax, Ay; = Ay in the description. We denote """ (x, y) = ¥ (x, ¥, m, Nn)
and ignore the superscript (m, n) below without causing any confusion.

e In the x-direction, we perform the one-dimensional HWENO reconstruction which was
described in Sect. 2.1. Therefore, from {v ;, ¥, j};;’i]_l, we can obtain +— f K; Vs

(x4 1 y)dy, which is the point value in the x-direction and the cell- average in

the y-direction. Similarly, we can use the values {%, s {El, j}f;“ll_] to reconstruct

Aiy f K; [ﬁi(xi £l y) 2 ;;j dy. Note that either “+” or “-” sign is taken, depending on
whether u,, is negative or positive.

e In the y-direction, we perform the one-dimensional HWENO reconstruction which

. . ~ L+ .
was described in .Sect‘. 2.1. The.refore, from (Vi1 wi:l}ljz -1 we can obtain ﬁ f I w
(x,y it 1)dx, which is the point value in the y-direction and the cell-average in
2 ~

the x-direction. Similarly, we can use the values {v;, l/fi’l}l]:jlil to reconstruct
A AT iu)’C 1 dx. Note that either “+” or “-” sign is taken, depending on whether
1, 1s negative or posmve.

@ Springer



Journal of Scientific Computing (2022) 93:3 Page 19 of 40 3

3.2 Fast Sweeping Idea to Solve a Global Linear System in 2D

The proposed two-dimensional HWENO scheme for the linear transport equation (3.1), takes
the form of (3.4)—(3.7), combined with the HWENO reconstruction to evaluate the fluxes.
This is a large system involving the flux term (coupling in x and y directions) on the left
side and the summation term (coupling in p and 7 directions) on the right side. As in one-
dimensional case, the fast sweeping idea is adopted to solve this system efﬁ01ently Let us

first denote the right-hand side term of the four equations in (3.4)—(3.7) as S; ;, S, s S, _j and
~

S;,j, respectively. We summarize the flowchart of HWENO FSM for the Sy equation in 2D
as follows.
Step 1. Initialization: We take 0 as the initial values of the unknowns: w 1//1'"1" 1//'" "

@lmj for all m, n, i and j. Then we can evaluate S; ;, Sl s § ;,j and S, e
Step 2. Gauss-Seidel iteration with alternating sweeps. We sweep the whole domain with
the following four alternating orderings repeatedly for all m and n:
Hi=1—= Ny,j=1—= Ny:if up, > 0 and 5, > 0, solve the system
(3.4)-(3.7) with the appropriate boundary conditions With this order of i, j. After
lm," and w " in the cell I; j, we can apply
HWENO reconstruction to obtain the cell-edge flux ﬂuxes Aiy f K vx, 1 y)dy and

updating the approximations ;" o 1//;” }", W

ﬁ f I v (x, Vil )dx based on the most updated values of the unknowns.

mi =N - 1,j =1— Nyif up < 0and n, > 0, solve the system
(3.4)—(3.7) with the appropriate boundary conditions With this order of i, j. After
updating the approximations ;" i ¢lmj" 1plm]" and w ; " in the cell I;,j, we can apply

HWENO reconstruction to obtain the cell-edge flux ﬂuxes A%V / X, UHx,_ 1, y)dy and

A%( f I v (x,y ) )dx based on the most updated values of the unknowns.
)i =1— Ny, j =Ny, - 1if u, > 0 and n, < 0, solve the system
(3.4)—(3.7) with the appropriate boundary conditions with this order of i, j. After

m,n

dating th P g and 7 in the cell 7 I
updating t eapprox1mationsw ,1//i’j ,wi’j an Wi,j in the cell /; ;, we can apply

HWENQO reconstruction to obtain the cell-edge flux fluxes ﬁ f K; vx, 1 y)dy and

ﬁ / i Yvrx,y j-1 )dx based on the most updated values of the unknowns.
Iv)i = Ny - I, j = Ny — 1:if up, < 0 and n, < 0, solve the system
(3.4)—(3.7) with the appropriate boundary conditions With this order of i, j. After
lmJ" and Iﬁ' " in the cell I; j, we can apply
HWENO reconstruction to obtain the cell-edge flux ﬂuxes A / K; Y (x,

updating the approximations 1//’" ", 1//;" J" ¥
, y)dy and

l—*

Ax ‘[Ji ¥t(x, yji%)dx based on the most updated values of the unknowns.

At the boundary of the computational domain, high-order extrapolations are used to com-
pute the values at the ghost cells, which are needed for the HWENO reconstruction near the
boundary. After repeating this process for all m, n directions, we can compute scalar flux
¢ from ™" via Gauss quadrature, and update S; ; etc. This completes one Gauss-Seidel
iteration.

Step 3. Convergence: Repeat the Gauss-Seidel iteration until the convergence criteria is
satisfied. In this paper, if the scalar flux satisfies

6 — ||¢new _ ¢Old||Ll < 10—14’

for two consecutive iteration steps, we stop the iteration.
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Remark 3.1 In some two-dimensional numerical experiments, we observed that the proposed
HWENO FSM may not converge to machine epsilon, i.e., § = ||¢"V — ¢"ld|| 1, will not
decrease to 10~'4. The same phenomenon has also been observed in the application of
HWENO FSM method to other systems as reported in [39, 40]. This may be related to
high-order extrapolation for the ghost cells near the boundary. For example, if the low order
extrapolation is used for ghost cells only, the proposed method works well in these numerical
examples. However, this will degenerate the high-order accuracy of the proposed method.
To fix this, we propose to keep the high-order extrapolation while update the solution by
Y = oyl + (- o)y, 0<w<l,

which is shown numerically to yield good convergence, although it may slightly increase the
iteration numbers. Numerically, one observes that @ = 0.85 is the optimal choice and will
be used in our 2D numerical examples.

If the standard Gauss-Seidel iteration method (without alternative sweeping) is used
instead, we observe numerically that the parameter @ = 0.5 is required for convergence,
even for 1D problems. On the other hand, the FSM does not need the parameter w for 1D
problems. See Sect. 4 for the numerical results.

4 Numerical Results

We present extensive one-dimensional and two-dimensional numerical results on different
model problems, to demonstrate the diffusion limit and order of accuracy of the proposed
HWENO fast sweeping method in the finite volume framework. In all the numerical examples,
€in (2.15) is taken as 10~% unless otherwise specified. The number of grid points is assumed
tobe Ny = Ny = N for 2D examples. We use “iter” to denote the iteration numbers in the
tables.

4.1 One-Dimensional Problem with Vacuum Boundary

Example 1 (Accuracy test with manufactured solution). In the first example, we consider a
slab with the vacuum boundary on both sides to test the accuracy of the proposed HWENO
method. The specifications of the problem are given as

2
L=10,=1, 0,=0.8, QO ==[3x>—12x> + 15x* — 6x°) ] + 204x>(1 — x)*,
&

where L is the slab thickness. The manufactured exact solution of the linear transport equation
is given by [42]

Y X, wm) = 22 (1 — x)°.

The Gauss-Legendre Sj2 quadrature set is used in the angular discretization. We have run
the simulations for various choices of ¢. In Table 1, we show the numerical errors, the
corresponding order of accuracy and CPU times of the HWENO method with the hybrid
strategy discussed in Remark 2.2. Here we only report the cell-average errors to save space,
and similar behavior has been observed for the first order moment. Note that the expected
high-order accuracy has been observed for all choices of ¢. The numerical solutions and
iteration history (||¢" — ¢" ! [I1,) with spatial size Ax = 0.1, ¢ = 0.01, 0.001 and 0.0001,
compared with the corresponding reference solutions, are plotted in Fig. 2, from which we
can observe a good match of the numerical solution even for small €.
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Table 1 Example 1. N L error order Lo error  order iter time
e=1
10 1.26e-05 - 5.53e-05 - 60 0.006
20 1.84e-07  6.09 1.52e-06  5.18 56 0.002
40 1.96e-09  6.55 3.13e-08  5.60 52 0.003
80 1.80e-11  6.76 5.6le-10  5.800 49 0.009
160 1.69¢e-13  6.73 9.4le-12  5.89 47 0.013
e=0.1
10 5.5%-05 - 2.59e-04 886 0.02

20 9.91e-07 5.81 8.23e-06  4.97 884 0.04
40 1.40e-08  6.14 1.98e-07  5.37 883 0.04
80 1.80e-10  6.28 4.17e-09  5.57 882 0.05
160  2.06e-12  6.44 79le-11  5.72 882 0.13
=0.01

10 7.94e-05 - 3.40e-04 - 60976  1.41
20 1.68e-06  5.55 1.57e-05  4.43 60976  1.76
40 2.98e-08  5.82 5.36e-07  4.87 60969  2.81
80 5.88e-10  5.66 1.48¢e-08  5.17 60973  4.31
160 1.25e-11  5.54 3.55e-10  5.38 60970  7.15

jo)

The errors, order of accuracy and CPU time of HWENO method with
the hybrid strategy

We have also tested the HWENO method without the hybrid strategy, and summarized
the comparison of their CPU times and iteration numbers in Table 2. Note that the recorded
time listed in Table 2 is the total CPU times of all the simulations with N = 10, 20, -- -,
160 and ¢ = 0.01. For this example, it can be observed that the hybrid strategy saves 70%
of CPU time.

As mentioned in the introduction, we have also tested the fifth-order finite difference
HWENO method and did not observe AP property numerically. For comparison, we have
plotted the numerical results of finite difference HWENO method for this example in Fig. 3.
Obvious numerical errors can be seen on coarse meshes when € becomes smaller (for example,
& = 0.001 or 0.0001), while the numerical errors of finite volume HWENO method remain
small for all ranges of ¢.

To compare FSM and the standard Gauss-Seidel (GS) iteration (without alternative sweep-
ing), we compare the performance of two methods, including numerical errors, convergence
order, iteration numbers and CPU times, in Table 3. The numerical results for FSM are
reported on the left side, and those of GS iteration are reported on the right side. Note that the
GS iteration requires a smaller value of w (=0.5) for convergence, where o is the parameter
reported in Remark 3.1. For comparison, we also set @ = 0.5 in the simulation of FSM. We
can observe the iteration numbers of FSM are smaller than GS iteration on the same meshes,
and the FSM costs less CPU time than GS iteration, even with @ = 0.5. Note that the FSM
can take a larger w (=1) with the numerical results reported in Table 1, which further reduces
the computational time.

Example 2 A slab with the vacuum boundary on both sides with

L=1, o =1 0,=08, 0=1,
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Fig. 2 Example 1 with Ax = 0.1. Numerical solutions (top); Iteration history (bottom); ¢ = 0.01 (left);
& = 0.001 (middle); e = 0.0001 (right)

Table2 The CPU times of the HWENO method with or without the hybrid strategy for all the Examples.

Test With hybrid strategy Without hybrid strategy Ratio
iter time iter time

1 - 17.47 - 62.73 27.85%
2 - 83.95 - 452.35 18.55%
3 4726476 123.74 4727810 246.88 50.12%
4 4456737 153.51 4457270 229.46 66.90%
5 5311441 209.95 5311566 456.40 46.00%
6 5680997 221.31 5681346 480.77 46.03%

“iter” and “time” denote the iteration numbers and CPU time, respectively. The “ratio” represents the ratio of
the CPU time of method with hybrid strategy over that without hybrid strategy

€=0.001

€=0.01

0.035

e
3
S
&

Scalar Flux
°

S o

s 2

2 &

Scalar Flux
°
e 2
2 g
o R

e

2
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o o o
2 2 g 2 g o
8 o 2 5 B &
& 2 o 8B & 8

2

-0.005
0.8 1 [} 0.2 04 0.6 08 1 [ 0.2 04 0.6 0.8 1

Position x(cm) Position x(cm)

0 02 04 06
Position x(cm)

Fig. 3 Numerical solutions of Example 1 with 7 = Ax = 0.1 if finite difference HWENO method is used.
e = 0.01 (left), ¢ = 0.001 (middle), ¢ = 0.0001 (right)

is considered. Again, the Gauss-Legendre S, quadrature set is used in the angular discretiza-
tion. The analytical solution can be obtained following the approach discussed in [44]. We
have run the simulations for various choices of ¢. In Table 4, we show the numerical errors,
order of accuracy, and CPU times of the HWENO method with the hybrid strategy. Here we
only report the errors of cell-average to save space, and similar behavior has been observed
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Table 4 Example 2.

N L error order Lo error order iter time
e=1
10 1.80e-05 - 4.60e-05 - 53 0.0020
20 4.07¢-07 547 2.19e-06  4.38 50 0.0020
40 5.50e-09 6.20 6.03e-08  5.18 46 0.0022
80 5.69e-11  6.59 1.25e-09  5.58 43 0.0029
160 5.13e-13  6.79 227e-11  5.78 41 0.0071
e=0.1
10 2.18e-04 - 8.09e-04 - 882 0.023

20 6.13e-05 1.82  3.46e-04 1.22 882 0.02
40 8.90e-06 2.78 8.64e-05  2.00 883 0.03
80 5.24e-07 4.08  9.11e-06  3.24 883 0.04
160 1.39e-08 522  4.41e-07 4.36 883 0.08
320 2.16e-10  6.01 1.27e-08  5.11 883 0.16
=0.01

10 4.62e-05 - 1.71e-04 - 61034 1.62
20 3.17e-05 0.54 1.78e-04 -0.05 61051 1.58
40 1.89e-05 0.74 1.48¢e-04  0.26 61057 223
80 9.46e-06 1.00  9.08e-05 0.70 61059  4.27
160 357e-06 140  4.29e-05 1.08 61062  7.01
320 7.85e-07  2.18 1.33e-05  1.68 61063 12.6
640 7.26e-08  3.43 1.87e-06  2.83 61066 22.0
1280  2.76e-09 4.71 1.13e-07 4.04 61068 454
2560  6.36e-11 543 3.74e-09  4.94 61058 915

jol

The errors, order of accuracy and CPU time of HWENO method with
the hybrid strategy

for the first order moment. We can observe that the expected high-order accuracy has been
observed for all choices of €. The numerical solutions and iteration history with spatial size
Ax = 0.1, e = 0.01 and 0.001, compared with the corresponding reference solutions, are
plotted in Fig. 4, from which we can observe a good match of numerical solutions even
for small e. From the total CPU times (combination of N = 10 ~ 1280) comparison of
HWENO method with/without the hybrid strategy in Table 2, we observe an 80% saving of
CPU time when the hybrid strategy is used. In Table 5, we list the numerical results of FSM
and the standard GS iteration, including the numerical errors, convergence order, iteration
numbers and CPU times. As in Example 1, we can observe that FSM is more efficient than
GS iteration.

As ¢ decreases the problem becomes thick and diffusive, and its asymptotic solution should
be the same as the solution of the corresponding diffusion equation. In Table 6, we list the
errors between numerical solution of Sy equation with different & and the exact solution of
the diffusion equation, from which we can observe the errors decay at the expected rate of
O(e).
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Fig. 4 Example 2 with Ax = 0.1. Numerical solutions (top); Iteration history (bottom); ¢ = 0.01 (left);
& = 0.001 (right)

4.2 One-Dimensional Problem with Anisotropic Incoming Flux

Example 3 This is also a 1D slab case, and the Gauss-Legendre Sj> quadrature set is used
for the angular discretization. The setup of the problem takes the form

L=1, o,=1, 0,=08, Q0=1.

The incoming angular flux at x = 0 changes linearly from 0 to 5 for the six discrete incoming
directions. On the right boundary at x = 1, the vacuum boundary is considered. Again, the
analytical solution can be obtained following the approach discussed in [44]. Figure 5 shows
the numerical solutions with spatial size Ax = 0.1 for different &, which demonstrates that
the HWENO FSM can capture the thick diffusion limit well in both the cell-average and
cell-edge fluxes, for various values of . Furthermore, Table 2 lists the comparison of CPU
times for the HWENO method with/without the hybrid strategy when ¢ = 0.001, and we can
observe a 50% saving in CPU times by the hybrid strategy.

4.3 One-Dimensional Problem with the Interior Thin Layer

Example 4 In this test, we consider a 1D slab consisting of two material regions. The left half
of the slab is an optically thin region, and the right half is an optically thick diffusive region.
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Table 6 Example 2.

e Ly error order L error order
N =10
1 4.89¢-01 - 5.05e-01 -
0.1 7.16e-02 0.83 7.98e-02 0.80
0.01 7.32e-03 0.99 8.19¢-03 0.98
0.001 7.31e-04 1.00 8.11e-04 1.00
0.0001 7.31e-05 1.00 8.09¢-05 1.00
N =20
1 4.89¢-01 - 5.05e-01 -
0.1 7.20e-02 0.83 8.05e-02 0.79
0.01 7.38¢-03 0.98 8.60e-03 0.97
0.001 7.37e-04 1.00 8.49¢-04 1.00
0.0001 7.37e-05 1.00 8.46e-05 1.00

The errors and order of accuracy between numerical solution of Sy
equation with different ¢ and the exact solution of the limit diffusion

equation
6 €=0.01 6 €=0.001
" " O cell-average " ' ' O cell-average
O cell-edge O cell-edge
5 Exact 5 Exact
o Q
x 4f 4
= =2
w w
83 53
«© «©
O O
» »
2 2
1 1
0 + + + + 0 + + + +
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
Position x(cm) Position x(cm)
Fig.5 Numerical solution of Example 3 with Ax = 0.1. ¢ = 0.01 (left) and ¢ = 0.001 (right)
The specifications of the problem are defined by L = 2,
e, 0<x<l, L o<x<1, 0, 0<x<l,
o = oy = 2 and Q =
1, 1<x<2, 0.8, 1<x<?2, 1, 1<x<2.

Again, the Gauss-Legendre S1; quadrature set is used for the angular discretization. The
incoming angular flux at x = 0 changes linearly from O to 5 for the six discrete incoming
directions. On the right boundary atx = 2, the vacuum boundary is considered. The analytical
solution of this problem in the form of cell-edge can be computed following the idea in [44].
Figure 6 shows the numerical solutions with spatial size Ax = 0.2 for different &, which
demonstrates that the HWENO FSM can capture the thick diffusion limit well in both the
cell-average and cell-edge fluxes, for various values of €.

For Examples 3 and 4, we also plotted the numerical results by the finite difference
HWENO method in Fig. 7 for comparison. Again, it suggests that the finite difference method
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Fig.6 Numerical solution of Example 4 with Ax = 0.2. ¢ = 0.01 (left) and ¢ = 0.001 (right)
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Fig.7 Numerical solution of Example 3 and Example 4 through finite difference HWENO method. Example 3
with 7 = Ax = 0.1 (left) and Example 4 with 7 = Ax = 0.1 (right)

does not have the AP property, since the numerical solution does not overlap with the exact
solution on the coarse mesh for small €.

Remark 4.1 For the finite difference HWENO method, we performed some numerical exam-
ples, and observe numerically (Figs. 3 and 7) that it does not have the AP property. One
possible reason is that, similar to other upwind finite difference schemes (for instance, step
difference method), finite difference HWENO method is not an e-uniform scheme, while
finite volume HWENO method (which has some similarity with LD method or DG method
which is automatically AP with at least linear elements) is. In general, upwind finite difference
does not have the AP property [43].

Example 5 This is a classical example taking from [24]. We consider aslabin [0, 11], Q = 0,
¢ = 1, and other settings are given by

_ 2, 0<x<l1,
“l100, 1<x<l1,

O

2, 0<x<l1, vO,u)=1, u>0,
oy = and
0, 1<x<l1, Y11, u) =0, u<O0.

The problem consists of a two mean-free-path purely absorbing part and a 1000 mean-free-
path purely scattering part. We solve this problem using the Sj2 quadrature set in the angular
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Fig.8 Numerical solution of Example 5 on N = 20 (left). The zoomed-in version of Example 5 (right)
direction and the mesh size

1, IT<x<l1l.

Ax — iol, 0 <x < 17 (41)

The “exact" cell-edge solution is obtained by LD method with a refined mesh of N = 1000.
In the left plot of Fig. 8, we present the numerical results of HWENO method with the hybrid
strategy, and the zoomed-in version is provided in the right plot of Fig. 8, which provides
a better view of the numerical simulation near the interior layer. We can observe that the
numerical solution is in good agreement with the exact solution, which indicates that the
proposed HWENO method produces very accurate results for this challenging test.

Example 6 Another problem considered in [24] has the setup L = 20, ¢ = 1, o; = 100, and
the other settings are given by

4.2)

Ogq =

10, 0<x <10, _ 10, 0<x <10,
0, 10 <x <20, “lo, 10<x <20,

with vacuum boundary. The system in this problem consists of a 1000 mean free path slab,
with absorption and a flat interior source, adjoining a 1000 mean free path purely scattering
slab with no interior source. The “exact" cell-edge solution is obtained by the LD method
with a refined mesh of N = 100. The Gauss-Legendre S12 quadrature set is used in the
angular discretization. We take spatial size Ax = 1 and the numerical result of the HWENO
method is provided in the Fig. 9, from which we can observe that the numerical solution is
in good agreement with the exact solution.

For Examples 5 and 6, we also provided the CPU times comparison of the HWENO
method with or without the hybrid strategy in Table 2, we can observe a 50% saving of CPU
time when the hybrid strategy is used.

4.4 Two-Dimensional Problems

Only the cell-average fluxes will be plotted in the figures for the two-dimensional problems
in this subsection.
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Fig.9 Example 6, Numerical 1.2 O cell-average
solution of scalar fluxes with O cell-edge
Ax =1 1 Exact

0.8

Scalar Flux
o
o

0.2
0 ‘ ‘ ‘ 0
0 5 10 15 20
Position x(cm)
Table7 Example 7. N L error order Lo error  order  iter time
e=1
10 2.07¢e-03 - 1.05e-02 - 42 0.99
20  3.71e-05  5.80 3.70e-04 4.82 49 4.95
40  4.62e-07 6.32 8.73e-06 5.40 65 24.08
80  4.38e09 6.72 1.56e-07 5.79 99 151.70
e=0.1
10 7.93e-03 - 3.66e-02 - 1559  37.02

20 1.4le-04 5.80 1.40e-03 4.70 1621 146.84
40  2.04e-06  6.11 3.74e-05 5.22 1744 629.92
80  2.73e-08  6.22 8.43e-07 5.47 1990  1811.3

The errors, order of accuracy and CPU time of 2D HWENO method
with hybrid strategy

Example 7 (Accuracy test with manufactured solution in 2D). To test the order of convergence
of the 2D HWENO FSM, we follow the setup in [43] and consider the manufactured exact
solution of the form

VY, s ) = 22772 =232 = ),
in the computational domain 2 = [0, 2] x [0, 2]. The other parameters are set as
o =1, o, =0.8,
and
O(x,y) = g[(24x2 —48x3 +30x* — 6x°)y° (2 — y) 1 4+ X3 (2 — x)3(24y?
—48y3 +30y* — 6y°) i ] + 4o .

The numerical solutions are obtained using the level symmetric Sj> quadrature set for angular
discretization. We have run the simulations for ¢ = 1 and ¢ = 0.1. In Table 7, we show the
numerical errors, iteration numbers, and the corresponding order of accuracy of the 2D
HWENO method with the hybrid strategy, from which we can observe the expected high-
order accuracy for both choices of €. In Fig. 10, we plot the numerical solutions and iteration
history with Ax = Ay = 0.2and ¢ = 1 or ¢ = 0.1. In Fig. 11, we plot the numerical
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Fig. 10 Numerical solution of Example 7 with Ax = Ay = 0.2, and ¢ = 1 (left) and ¢ = 0.1 (right)
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Fig. 11 Numerical solution of Example 7 with ¢ = 0.01, and Ax = Ay = 0.2 (left) and Ax = Ay = 0.1
(right)
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Table 8 Example 7.

e =1,FSM & =1, GS iteration
N Ljerror order Lo error order iter time Ljerror order Lo error order iter time

10 2.19e-03 - 1.11e-02 - 102 2.19¢e-03 - 1.11e-02 - 114
20 3.84e-05 583 3.87e-04 484 136 5 3.84e-05 5.83 3.87e-04 484 169 9
40 4.74e-07 6.34 897e-06 543 208 45 4.74e-07 6.34 897e-06 543 302 65

80 4.47e-09 6.72 1.59e-07 5.81 335 301 447e-09 6.72 1.5%-07 5.81 583 540

e =0.1, FSM ¢ = 0.1, GS iteration
N Ljerror order Leoerror order iter time Ljerror order Lo error order iter  time

10 7.97e-03 - 3.68e-02 - 2853 38 7.97e-03 - 3.68e-02 - 3116 5l
20 1.42e-04 5.80 1.41e-03 4.70 3192 178 1.42e-04 5.80 1.41e-03 4.70 3710 223
40 2.08e-06 6.09 3.75e-05 523 3871 919 2.08e-06 6.09 3.75e-05 5.23 4896 1165
80 2.79e-08 6.21 8.44e-07 5.47 5221 5014 2.79e-08 6.21 8.44e-07 547 7243 6825

Comparison of the two iteration methods with @ = 0.5: The errors of numerical solution, convergence rate
and iteration numbers

solutions and iteration history with a smaller ¢ = 0.01 on two sets of computational meshes.
From these figures, one could observe that the HWENO FSM can capture the thick diffusion
limit well on coarse meshes.

In Table 8, we report the numerical results of FSM and the standard GS iteration, including
numerical errors, convergence order, iteration numbers and CPU times. As in the 1D cases,
we can observe the iteration numbers of FSM are smaller than those of GS iteration on the
same meshes, and the FSM costs less CPU time with @ = 0.5. In addition, the FSM can take
a larger o (= 0.85), which further reduces the computational time.

Example 8 In this example which was originally considered in [6], we study the problem on
bounded domain with vacuum boundary conditions with the setup

Q=001 o,=1,0,=1, and Q = 1.

We take the spatial size Ax = Ay = 0.05 for this problem. Again, the level symmetric S,
quadrature set for angular discretization. The limit diffusion equation, when ¢ — 0, is given
by

Ay +yx) =1, xe 0, D%

Y(x) =0, x € 9(0, 1)?, “3)

and we plot its exact solution on the same spatial size in Fig. 12 as a reference solution.

In [6], it was shown that the two-dimensional LD method does not have the AP property
and cannot capture the diffusion limit well. In Fig. 13, we plot the iteration history and
numerical solutions of the 2D finite volume HWENO method for ¢ = 0.1 and ¢ = 0.01.
The Fig. 14, we present the numerical solutions of the 2D finite volume HWENO method
for different values of ¢: 0.001 and 0.0001, we can observe that the diffusion limit is well
captured by our method, which suggests that HWENO method has the designed AP property.

Example 9 The setup of the problem can be found in Fig. 15 with ¢ = 1, which consists of
three subregions: the left part is a non-scattering region with no interior source, the middle
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Fig. 12 Example 8: the reference numerical solution of diffusion equation

exact solution of the limit
diffusion equation
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Fig. 13 Example 8, Numerical solution (top); iteration history (bottom); ¢ = 0.1 (left); ¢ = 0.01 (right)

partis an absorption region with an interior fixed source, and the right part is a high scattering
region without interior source, and a natural vacuum boundary condition can be used for each
side. The level symmetric S, quadrature set is used for angular discretization. The numerical
results of the proposed 2D HWENO method on different meshes are shown in Fig. 16, which
again suggests that the finite volume HWENO FSM can capture the thick diffusion limit on

coarse meshes.

Example 10 As discussed in [45], a potential issue with the diamond difference method and
other high-order Sy numerical methods is that they could produce non-physical negative
solutions when the domain contains large material inhomogeneity. In the last example, we
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Fig. 14 Numerical solution of Example 8 with ¢ = 0.001 (left) and & = 0.0001 (right)
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Fig. 15 Setup of Example 9, and oy = X, 05 = X5
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Fig. 16 Numerical solution of Example 9 with Ax = Ay = 0.2 (left) and Ax = Ay = 0.1 (right)
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Fig. 17 Numerical solution of 5+
Example 10 with

Ax = Ay = 0.1. Note that the
numerical solutions stay positive
and there is no negative or
oscillatory solution
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consider the following problem
1, 0<x<l, 0.05, 0<x <1,
Q=1[0,5° o;=1100, 1<x <3, oq =195 1<x<3 0 =144
1, 3<x<5, 0.05, 3<x<5,

and ¢ = 1. The vacuum boundary condition is considered. This problem is a 2D square
problem and has a high absorbing region in the domain. The symmetric Sj2 quadrature is
chosen for angular discretization. In Fig. 17, we plot the scalar flux distribution calculated by
the proposed HWENO FSM under mesh size Ax = Ay = 0.1, from which we can observe
the nice positivity-preserving property of the HWENO method for this example. We refer
to [45, Fig 4] for the numerical result of diamond difference method, with negative values
generated near the boundary of the absorbing region.

5 HWENO Fast Sweeping Method with DSA

In this section, we combine the proposed HWENO method proposed with the DSA method
to verify that our method can be accelerated by DSA. The DSA method was first proposed
by Kopp in [18] for the general transport equation, and Reed later showed that the numerical
method was unstable for some problems with optical widths larger than one mean free path
[38]. In [3], Alcouffe generalized it to the ordinate discrete transport equation, and designed
DSA for the diamond difference method, and demonstrated for the first time that DSA could
be used to significantly reduce the total CPU cost on practical problems. In [21] Larsen
derived a DSA method for some difference schemes, and the spectral radius of the iterative
method can be reduced by more than half. Adams et al. designed DSA for the DG method
in [2]. Although the discretization of the transport equation and the diffusion equation is not
strictly consistent, the accelerated scheme is unconditionally stable and the convergence is

rapid.
The basic idea of the DSA method is to solve a diffusion equation of the form
D (L 2L56) + 0486 = oy 191 5.1)
—— | —= 08¢ = o5 [¢], .
dx \ 307 0x “ s

with a given [¢], and then use the computed ¢ to update the solution in order to yield a
rapid convergence. In this paper, we take the Sy equation with a fixed-source as an example
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Fig. 18 Spectral radius (left) and iteration numbers (right), with a fifth-order extrapolation for ghost points.
The y-axis of the right figure is on the log scale

to illustrate how HWENO method can be accelerated by the DSA algorithm. The general
procedure is summarized as follows. Suppose "1 tobe the updated solution in each iteration
of Algorithm 1. We set ¢”+% = ¢"*1, and solve the diffusion equation (5.1) for 8¢ with
[¢] = ¢>"+% — ¢". Then ¢"T! is updated by setting ¢"+! = ¢"+% + 8¢. More details about
DSA can be found in [5].

One numerical example is provided to test the performance of HWENO method with
DSA. We consider a fixed-source neutron transport equation as in [5], and a homogeneous
50-cm slab with the reflective right boundary and vacuum left boundary. The source term
is O = 1, and the spatial size is taken Ax = 1. The spectral radius of the convergence is
calculated by

g — ¢

P= e — e

For comparison, the spectral radius results of HWENO with DSA and without DSA are
both studied, when two different scattering ratios ¢ = 0.8 and ¢ = 0.99 have been considered.
In Fig. 18, the fifth-order extrapolation is used for ghost points, and we can observe that
HWENO-DSA enjoys a smaller spectral radius when o; < 10. The spectral radius of the two
methods is close to the theoretical value 0.8 and 0.99 if o; > 10, but it can be seen from the
right plots of Fig. 18 that the iteration numbers of HWENO-DSA are still smaller than those
of HWENO. In both cases, when o; > 100, the iteration numbers of HWENO-DSA will
gradually decrease, but the iteration numbers of the HWENO method remain unchanged.

@ Springer



Journal of Scientific Computing (2022) 93:3 Page 37 of 40 3

08 c=038 160 =08
“[ ¢ HWENO-DSA " OOPITIITEEEEEEE O HWENO-DSA "
O HWENO 20 |0 HWENO POO00000CC0000000]
0.7 ] 120 S
) oooo OOQOOQ@COO
208 i 1 . 8 & 1
[ < oo
= 05 o 2 L
=S =
S04 ” 00000 L
< <><>(X)
o 30f OOV
03 oo 1 0000000006000, 000X
%00 <><><X>OOOOOCOOOO<><><>O %
02550 . 20 .
0.01 0.1 1 0.01 0.1 1
a‘(cm'1) 0‘(0"\_1)
1 c=0.99 2000 ¢=0.99
O 0P 0 O HWENO-DSA j
0.9 ° OOOOOOOO OO © ¢ HWENO-DSA O HWENO OO
(o) O HWENO 1000 |
08 Ooo 1
5 s A QOQOCM
E 0.7 g 300} OOO
s 06 ] ] &
8 0 S 100t
205 s =
& 0.4 OOOO%
O o6
O 0 30
0000000 %60
0.2 . 10 L
0.01 0.1 1 0.01 0.1 1
a‘(cm'1) a‘(cm'1)

Fig. 19 Spectral radius (left) and iteration numbers (right), with a second order extrapolation for ghost points.
The y-axis of the right figure is on the log scale

If second-order extrapolations are used for the ghost points, as shown in Fig. 19, the
spectral radius is close to 0.2 for the case of o; < 0.1, which is close to the theoretical value.
Evenif 0.1 < 0; < 1, itis still less than 0.5, which is acceptable for a high-order method.

6 Conclusion

In this paper, we combined the HWENO scheme and the fast sweeping method to numerically
solve the steady-state Sy transport equations in the finite volume framework. The HWENO
method is known to be more compact and produce smaller errors than the WENO method, and
enjoys a simpler boundary treatment. The main contribution of this paper is to prove that the
finite volume HWENO method preserves the asymptotic diffusion limit when & goes to zero
and has the asymptotic preserving property. One- and two-dimensional numerical examples
show that HWENO FSM is of high-order accurate and can capture the thick diffusion limits on
coarse meshes. We also combined the DSA algorithm with the HWENO method to accelerate
the convergence. Numerical results show that the high-order HWENO method proposed in
this paper can be accelerated with DSA, which makes the HWENO method more valuable
in applications. The proposed method can be easily extended to any dimension on cartesian
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meshes. The extension to unstructured meshes, as well as comparison with other high-order
methods, will be discussed in future work.
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