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in time using a system of meshing partial differential equations. The mesh adaptation is
controlled through a Hessian-based monitor function and the so-called equidistribution and

{\(/‘z\‘fi/z;d;esh method alignment principles. Several challenging issues in the numerical solution are addressed.
Equilibrium radiation diffusion equations Particularly, the radiation diffusion coefficient depends on the energy density highly
Prediction—correction nonlinearly. This nonlinearity is treated using a predictor-corrector and lagged diffusion
Freezing coefficient strategy. Moreover, the nonnegativity of the energy density is maintained using a cutoff
Nonnegativity method which has been known in literature to retain the accuracy and convergence order
Cutoff of finite difference approximation for parabolic equations. Numerical examples with multi-

Two-level mesh movement material, multiple spot concentration situations are presented. Numerical results show

that the method works well for radiation diffusion equations and can produce numerical
solutions of good accuracy. It is also shown that a two-level mesh movement strategy can
significantly improve the efficiency of the computation.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Radiation diffusion plays an important role in a variety of physical applications such as inertially confined fusion, com-
bustion simulation, and atmospheric dynamics. When photon mean free paths are much shorter than characteristic length
scales, a diffusion approximation can be used to describe the radiation penetrating from a hot source to a cold medium. This
diffusion approximation forms a highly nonlinear diffusion coefficient and gives a sharp hot wave steep front (often referred
to as a Marshak wave). Solutions near this steep front can vary dramatically in a very short distance. Such complex local
solution structures make radiation diffusion an excellent example for using mesh adaptation methods because the number
of mesh points can be prohibitively large when a uniform mesh is used.
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Generally speaking, there are two types of radiation diffusion equations, equilibrium and non-equilibrium systems. When
the energy density E satisfies the relation E = T4, where T is temperature, the system is called in an equilibrium state and
otherwise in a non-equilibrium state. Radiation diffusion has attracted considerable attention from researchers in the past;
e.g., see [3,16,21,23-25,28-30]. For example, foundations of radiation hydrodynamics can be found in the book [21] while
numerical techniques for radiation diffusion and transport are addressed systematically in the book [3]. Rider et al. [25]
study multi-material equilibrium radiation diffusion equations and propose a class of algorithms with the Newton-Krylov
(GMERS) method preconditioned by a multi-grid method as a special example. Ovtchinnikov and Cai [23] study a parallel
one-level Newton-Krylov-Schwarz algorithm for an unsteady nonlinear radiation diffusion problem.

On the other hand, there are only a few published works that have employed mesh adaptation for the numerical solution
of radiation diffusion equations. Winkler et al. [26,27] use an adaptive moving mesh method to solve radiation diffusion and
fluid equations in one dimension. Unfortunately, their method has difficulty with mesh crossing and cannot be extended
in multi-dimensions. Lapenta and Chacén [16] study an equilibrium radiation diffusion equation in one dimension using
an adaptive moving mesh method. Pernice and Philip [24] use the AMR method (a structured adaptive mesh refinement
method) to solve two-dimensional equilibrium radiation diffusion equations. They employ a fully implicit scheme to in-
tegrate the partial differential equations (PDEs), JFNK (Jacobian-free Newton-Krylov) [14,15,22,25] to solve the resulting
nonlinear algebraic equations, and the FAC (Fast Adaptive Composite) preconditioner [19,20]| to precondition the implicit
coefficient matrix. Their numerical results show that the method can capture the fronts of Marshak waves and have good
accuracy for problems with smooth initial solutions.

The objective of this paper is to study the finite difference (FD) solution of two-dimensional equilibrium radiation diffu-
sion equations using an adaptive moving mesh method. The method is based on the so-called moving mesh PDE (MMPDE)
approach [10] with which the mesh is moved continuously in time using an MMPDE. The latter is defined as the gradi-
ent flow equation of a meshing functional formulated based on mesh equidistribution and alignment and taking into full
consideration of the shape, size and orientation of mesh elements [7]. The method is combined with treatments of high
nonlinearity and preservation of solution nonnegativity of the equations. The high nonlinearity comes from the diffusion
coefficient. We use a coefficient-freezing predictor-corrector procedure to linearize the PDEs. More specifically, at the pre-
diction stage the diffusion coefficient is calculated using the energy density at the previous time step while at the correction
stage the coefficient is calculated using the energy density obtained at the prediction stage. This predictor-corrector proce-
dure is known to be comparable to the Beam and Warming linearization method in terms of accuracy and stability [17]. It
is also easy and efficient to implement since it contains only two steps of the lagged diffusion computation. Note that for
each stage we only need to solve linear PDEs so there is no need for nonlinear iteration. Moreover, the procedure allows an
easy and effective dealing of negative values occurring in the computed energy density. Radiation diffusion equations admit
nonnegative energy densities. It is crucial for numerical approximation to preserve this property. Excessive negative values
in the computed solution not only introduce unphysical oscillations but also can cause the computation to exit unexpect-
edly. We use a cutoff strategy with which negative values in the computed energy density are replaced with zero after each
stage. It has been shown in [18] that the cutoff strategy retains the accuracy and convergence order of FD approximation
for parabolic PDEs.

The moving mesh method, together with the above described treatments for nonlinearity and preservation of solution
nonnegativity, is applied to a two-dimensional equilibrium radiation diffusion equation for two multi-material, multiple
spot concentration scenarios. The numerical results show that the method is able to catch interfaces and onsets of new
interfaces and concentrate mesh points near them. The results are comparable to those obtained by Pernice and Philip [24]
using the AMR method and to those obtained with the uniform mesh of a much larger size. Moreover, it is shown that
the computational efficiency can be significantly improved by a two-level mesh movement strategy [6] while maintaining a
comparable level of accuracy.

An outline of the paper is as follows. The physical problem and the governing equations are described in Section 2.
The moving mesh method and the treatments of nonlinearity and preservation of solution nonnegativity are discussed in
Section 3. In Section 4 we present numerical results obtained for two multi-material, multiple spot concentration scenarios.
Finally, Section 5 contains conclusions.

2. Problem description

Radiation diffusion occurs in a variety of astrophysical and laboratory settings and can be formulated in a number of
forms; e.g., see Mihalas and Mihalas [21]. For a simple setting where the material temperature is in equilibrium with the
radiation energy density, radiation diffusion can be modeled by a nonlinear parabolic PDE in dimensionless form as

oE
T =V .-(D.(E)VE), (2.1)
where E is the dimensionless gray radiation energy density and D (E) is Larsen’s form of the flux-limited diffusion coeffi-
cient [1,13] defined as
1
1 VE|?\ ?
IVE] ) (2.2)

DL(E)= <W + P
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Here, D(E) = Z73E% and Z is the atomic number of the medium which can be a discontinuous function of spatial coordi-
nates when multi-materials co-exist in the physical domain. Two choices of Z are used in our computation; see Fig. 4.1.

We consider (2.1) in two dimensions on the unit square domain €2 = (0, 1) x (0, 1). Neumann boundary conditions are
used for boundary segments y =0 and y =1 and inflow and outflow boundary conditions are employed on x=0 and x =1,
respectively. Specifically, the boundary conditions are

=0, ony=0ory=1
TE—1DL(B)2E = Eyp, onx=0 (2.3)
FE+IDL(E)%E =Eoy, onx=1

where Ej, = 2500 and Eqy: = 0.25 are taken in our computation. The initial condition is
Ex,y,00=(1— tanh(le))(]O4 -D+1, &,y eQ. (24)

This initial solution is essentially equal to one except that it has a thin layer near the boundary x = 0. This transition is used
to make the initial solution to be consistent with the boundary condition (2.3), avoiding a potentially difficult initial start in
time integration.

3. Moving FD method

In this section we describe an adaptive moving mesh FD method for solving the initial-boundary value problem (IBVP)
(2.1), (2.3), and (2.4). The problem is discretized in space using central finite differences and in time using a Singly Diago-
nally Implicit Runge-Kutta scheme (SDIRK) [2]. Issues for adaptive mesh movement, linearization of (2.1), and preservation
of solution nonnegativity are also discussed.

3.1. FD discretization on moving meshes

We assume for the moment that a curvilinear moving mesh
*jk®,yjk®), j=1,....J. k=1,...,K (3.1)

is given for 2, where J and K are positive integers. The generation of adaptive moving meshes will be discussed in Sec-
tion 3.3.

A common practice for constructing an FD discretization of PDEs on a moving mesh is to first view the mesh as an image
of a fixed, rectangular mesh in the reference domain under a coordinate transformation, then transform the PDEs into the
reference domain, and finally discretize the transformed PDEs on the fixed reference mesh. For the current situation, we take
the reference domain to be the unit square and consider (3.1) as the image of a fixed rectangular mesh under a coordinate
transformation x = x(&, n,t), y = y(&, n,t), ie,

Xj k@ =xE5, k.0, Vik®©=yEpm. 0, j=1,....], k=1,...,K (3.2)
where the reference mesh is taken as
Ejm=((—-DAE, k—-DAn), j=1,...,], k=1,...,K, (3.3)

and A§ =1/(J — 1) and An =1/(K — 1). Notice that the boundary correspondence between the reference and physical
domains is given by

x(0,m =0, x(1,m=1, yE0=0, yE1)=1. (3.4)
Denote by
EE n.0=ExE 0.0, yE n,0,0.

Using the coordinate transformation, PDE (2.1) can be transformed (e.g., see [10, §3.1.4]) into the reference domain as

Bo—b®)-VE= ;¥ (DL(E)A(t)VE) , (3.5)
where
Fl
N 3
JO) =Xeyn — Xy Ye, V=|: 3 i|,
e
1 — 1 x2 4 y? —(Xe Xy +
b(t)=—[ YnXe — Xn Yt ] A(t)=—[ n TV ( szn J;gyn)].
J@O L—Yexe +Xe Ye J® L—Xexy + yeyn) X; + s

Similarly, the boundary condition (2.3) can be transformed into



664 X. Yang et al. / Journal of Computational Physics 298 (2015) 661-677

X% 9F | 1 9E _ _ B
xeyy 98 T yyan =0 onn=0orn=1

1 1p,(fy(LE | —ve 9B\ _ . _

JE— 1) (L5 + 25 =En.  ong=0 (3.6)
g1 A (1 9E | —ye 9E\ _ _

zE+3D1(E) (Egdl-x—syn ﬁ)-Eout’ oné=1

where we have used the fact that x, =0oné=0and £=1and y: =0onn=0and n=1.

The discretization of (3.5) and (3.6) on rectangular mesh (3.3) using central finite differences is straightforward. To save
space, we omit the detail of the derivation and formulation of the FD approximation here and refer the interested reader to
[10, §3.2]. The FD approximation of (3.5) can be expressed as

dEp A 1. A
& IO V= O (DLED AV O TER), (37)

where the FD approximations of quantities or gradient operator are denoted by the same symbols with subscript h.
3.2. Temporal discretization, linearization, and nonnegativity preservation

From (3.7) (and the FD approximation of the boundary condition (3.6)), we can see that the IBVP is nonlinear since the
diffusion coefficient depends on the energy density. Time integration of such nonlinear diffusion equations has been studied
extensively in the past; e.g. see [12,13,17,23-25]. Essentially, two types of method have been considered, fully implicit
schemes and schemes based on linearization. For fully implicit methods, (3.7) is discretized with an implicit scheme and
the resulting nonlinear algebraic equations are solved using either the Newton iteration together with a linear system solver
or a Newton-Krylov-type solver. They provide an excellent stability and allow large time steps. However, they are also more
expensive and have difficulty in handling the preservation of solution nonnegativity (see the discussion below).

On the other hand, linearization-based methods use some type of linearization. Commonly used strategies include lagged
diffusion (where the diffusion coefficient is calculated with the energy density at the previous time step), the Beam and
Warming linearization or linearly implicit approximation (where the diffusion coefficient is expanded up to the linear term
about the energy density at the previous time step), and the predictor-corrector strategy (to be described below). These
methods have been found to perform surprisingly well when compared to fully implicit methods although they may produce
unphysical solutions for very large time steps [17]. We employ the predictor-corrector strategy in our computation since
it is comparable to the Beam and Warming linearization in terms of accuracy and stability and to the lagged diffusion in
terms of efficiency and ease in implementation. With the strategy, the linearized equation of (3.7) reads as

{ G~ by© - Vi = 7 Vi - (DLEDAROVAER) .t <t <t 68)

Ep(tn) = Eg,

where E} is the approximation of the energy density at t = t,. During the prediction stage, E; is taken as the energy density
at t =ty, i.e, Ef = E}. This stage is the same as the lagged diffusion method. The solution obtained in this stage at t =t
is used as Ej during the correction stage. In both stages, the linear equation (3.8) is integrated with a two-stage SDIRK
scheme (Cash [2]). The resulting linear systems are solved by the unsymmetric multifrontal sparse LU factorization package
UMFPACK [4].

It is pointed out that the solution of IBVP (2.1), (2.3), and (2.4) stays nonnegative for all time. However, an FD approxima-
tion may not preserve this property. Excessive negative values in the solution approximation not only introduce nonphysical
oscillations but also can cause problems such as not-a-number (NaN), divergence of nonlinear and/or linear iterations, too
small time steps, and early stopping of computation [28]. To avoid these difficulties, we employ a cutoff method which
replaces negative values with zero after the prediction and correction stages. Lu et al. [18] show that the cutoff procedure
retains the convergence order and stability of the underlying FD scheme for linear parabolic PDEs. Their numerical results
also show that the procedure works for nonlinear parabolic PDEs too.

3.3. Generation of adaptive moving meshes

We use the MMPDE approach [8-10] of moving mesh methods for the generation of adaptive moving meshes. The basic
idea of the approach is to use a mesh PDE to move the mesh continuously and adaptively according to some feature of the
error in approximating the physical solution. The mesh PDE, or called the MMPDE, is defined as the gradient flow equation
of a functional. The latter is formulated in terms of the inverse coordinate transformation & = &(x, y,t) and n =n(x, y,t)
to avoid possible mesh singularity (e.g., see Dvinsky [5]) and based on mesh equidistribution and alignment. The approach
employs a monitor function - a symmetric and uniformly positive definite matrix valued function - to control mesh equidis-
tribution and alignment. The reader is referred to [10,11] for choices of the monitor function based on interpolation error
estimates.
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Denote the Hessian of the energy density by
E E
H — [ XX Xy j| .
Exy Eyy

Let |H| = v/H2. We choose the monitor function as

M = det(al + |H|)"4 [l + H]], (3.9)

which is known to be optimal for the H' norm of the error of linear interpolation [11]. Here, a > 0 is the regularity
parameter defined through the equation

/ det(M(at))? dxdy = 2 / det(M(0))Z dxdy,
Q Q

where M(0) denotes the monitor function (3.9) with « = 0. The above equation can be rewritten as

/det(a1+|H|)%dxdy:2/det(|H|)%dxdy.
Q Q

The left-hand side of the above equation is an increasing function of «, and thus the equation has a unique solution
provided that the right-hand side does not vanish. It can be solved easily for & using the bisection method.
For the meshing functional, we use

1€, 7] =6 / det(M)> (ngM—lvs n vnTM—1vn)2dxdy
Q

+(1—120)2? /
o (Jdetn?)

where | =Xgy,; — x;ye = 1/(6xny — &ynyx) is the Jacobian of the coordinate transformation and 6 is a dimensionless pa-
rameter balancing the first and second terms. (We use & = 0.1 in our computation.) This functional was proposed in [7] to
control mesh equidistribution and alignment. Indeed, it is shown in [7] that the minimization of the second term leads to
the equidistribution principle

1
det(M)2
4D vy, (3.10)

JdetM)z =0,  (x,y) e

where o = [, det(M)%dxdy. It implies that the mesh is denser in regions where det(M)% is larger. On the other hand, the
minimization of the first term will force the mesh to be aligned with M in the sense that the mesh elements tend to be as
equilateral as possible when measured in the metric specified by M.
The MMPDE is defined as the gradient flow equation of the meshing functional, i.e.,
£ = 1461 14l (311)
T s e = T8’ ’

where 7 is a parameter used to control the response of the mesh movement to the change in the monitor function (and
therefore the change in the physical solution) and §1/5¢ and §1/8n are the functional derivatives of I[£, n]. It is easy to find
that

S _ v (det(M)%ﬂM—‘vs) —8(1-20)V- (% [ My D , (312)
g3 Jdet(M)z L=
81 11 1 —&y
o — _agv. (det(M)Z,BM Vn) —81-20)V- [ ——— , (3.13)
n Jdet(M)z L &x

where
B=VeTM~ Ve +vpTM~ vy, (3.14)

Moreover, by differentiating the identities

§=Ex(E,n.0,yE 00,0, n=nkxE nt),yE n0),t)
with respect to t while fixing & and 5, we get

0=4&+&xe +&yye. O=n +nuXe + 1y e



666 X. Yang et al. / Journal of Computational Physics 298 (2015) 661-677

MR H o15)
Ve Nx Ny Nt ye ynllmel '

Combining (3.11) with (3.12), (3.13), and (3.15), we get

=2l )
Ve TLYe Yy

469 - (det(M)} pM~1VE ) +8(1 _ZQ)V,( i [ Ny D

]det(M)% —Nx
40V - (det(M)%ﬂm—lvn) +8(1-20)V- <;1 [_Ey ])
Jdet)z | &x
By interchanging the roles of independent and dependent variables and after some lengthy but straightforward derivations
(e.g., see [10, Chapter 6]), we can rewrite the above equation into

or

(3.16)

ax 1 92 92 92 9 N\ [ x
— == (A1— + (A A Ay—— +1b1— +1by— , 317
ot [y] 1’( 118§2+( 12 + 21)353774— 223772+ 1a$+ 2317)[3/} (3.17)

where
8(1—26)
J2 det(M)>
1 1
ddetM)? -y | ddet(M): .,
0§ an
-1 -1 _ 3
My, O a2>] L _8a 29]) 3 det(M)z ’
13 an (Jdet(Myz)2 9§
1 1
ddet(M)? oy ddet(M):
& on

1 -1 -1 _ 1
+40det(M)7/3(aM ot + M aZ)]+ 81-26) adet(M?
(J det(M)2)2 an

9E an
R R AR RIEy
Ve Y &y J L%y Ny JL x

~

"“1’] — M_1a1, a2 — M_1(12, W =a1 (al)T +a2(a2)T,

L e o EinT 3 8(a\Tal g\ T i
Ajj =80 det(M)2a' (Wa’)" +40det(M)2p8(a’) @’ I + a@)’, i,j=1,2

by =—(@HT [49 det(M)? (d1@" + do2) + 468 (

+ 46 det(M)? 8 (

by =—(@@*)T [49 det(M)? (d1@" + doa2) + 468 (

and

-1 -1 -1
di = @H’ oM a' + @)’ oM @, dy=(@H’ oM a' + @7 oM .
9§ 9§ on an
The moving mesh equation (3.17) is supplemented with the one dimensional version of the MMPDE for the adaptation
of boundary mesh points (cf. [7]). They are discretized in space using central finite differences and in time by the backward
Euler method with coefficients A;; and b; calculated at the previous time step. The resulting algebraic systems are solved
with the sparse matrix solver UMFPACK.

3.4. Solution procedure

We now are ready to discuss the solution procedure. We solve the mesh and physical PDEs in an alternating way for the
mesh and the physical. Assuming that physical solution E", mesh (x", y"), and time step size At, are given at t = t,, we
elaborate the meshing and physical PDE solving steps in the following.

The meshing step. The monitor function (3.9) is computed using the current E" and (x", y") and smoothed using several
sweeps of a low-pass filter. The Hessian of the energy density used in (3.9) is replaced by an approximation obtained using
least squares fitting. More specifically, at any mesh point a local quadratic polynomial is constructed by least squares fitting
of the nodal values of E" at neighboring mesh points. The approximate Hessian at the given mesh point is then obtained
by differentiating the quadratic polynomial twice. After the monitor function has been obtained, the mesh equation (3.17)
is integrated from t; to tp1 =ty + Aty for the new mesh (x"*1, y"*1),

The physical PDE solving step. The physical PDE (3.7) is integrated from t, to t;+1 using the predictor-corrector scheme
(3.8). During the integration, the mesh is considered to move linearly in time, viz.,
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(a): Example 4.1 (b): Example 4.2
BG4 1 BG4
084 Z=10 0.8 Z=10
Z=50
0.6 0.6+
y B¢1 Z=100 BC3 y BG4 BC3
0.44 0.4
Z=20
0.2 0.2
Z=100
0 0 BG2
0.2 04 °%“06 0.8 1 0.2 04 0.6 0.8 1
X X

Fig. 4.1. Material configuration for the numerical examples.

X(t)zt—tnxn+1+tn+Atn—t

tn n+1+tH+Atn—tyn
Aty Aty '

K. yo="_1
Aty Aty

4. Numerical tests

We now present numerical results obtained with the moving mesh FD method described in the previous section for
two multi-material scenarios of radiation diffusion. The material configuration is given in Fig. 4.1 for the examples. In both
cases, the computational domain is taken as = (0, 1) x (0, 1) and the boundary condition (2.3) is used for the boundary
segments BC1, BC2, BC3 and BC4.

Example 4.1. We first consider a situation where the atomic number is defined as (cf. Fig. 4.1(a))

100, for(x,y)e(3.3)x (3.2

g (4.1)
10, otherwise.

Z(x,y) = {
This example has been studied by Pernice and Philip [24]. The radiation diffusion equation is integrated up to T = 1.0 with
a fixed time step At =1073.

A typical adaptive moving mesh of size 81 x 81 and the contours of the corresponding energy density are plotted in
Fig. 4.2. It can be seen that the moving mesh method captures precisely the interface between the hot diffusion wave and
the cold medium and the mesh points are concentrated in the regions of the interface. Moreover, the solution obtained here
is comparable to those in [24, Fig. 6.4] where the AMR method is used.

The CPU time is recorded in Table 4.1 for computation with one-level moving, two-level moving, and fixed meshes. For
two-level moving mesh computation, a coarse mesh is computed by the MMPDE (3.17) and the radiation diffusion equation
is solved on a fine mesh obtained by uniformly interpolating the coarse one. From the table, one can see that the one-level
moving mesh method is more costly than the computation with a fixed mesh of the same size. This is expected since the
moving mesh method solves more equations and its main advantage is that the adaptive mesh of a much smaller size can
be used to achieve the same level of accuracy as a fixed mesh of large size. For instance, Fig. 4.3 shows that the contours of
the energy density obtained with an adaptive moving mesh of size 81 x 81 are comparable to those obtained with a fixed
mesh of size 512 x 512. Moreover, the efficiency can be improved using the two-level moving mesh strategy [6]. From the
table we can see that for the case with mesh 81 x 81, the CPU time of the two-level moving mesh method is about 6% of
that with the one-level moving mesh method. For the case of mesh 121 x 121, the two-level moving mesh is only about
0.5% of the cost of the one-level moving mesh method. Furthermore, we compare the two-level moving mesh method with
the uniform mesh method. From Table 4.1, we see that with the increasing mesh size, the CPU difference between the two
is getting smaller and smaller. Particularly, when the mesh size is 121 x 121, the CPU cost of two-level moving mesh is only
about 28% more than that of the uniform mesh. In this sense, the two-level moving mesh method is competitive with the
uniform mesh method even in CPU time.

To see the accuracy of the two-level moving mesh method, we plot the mesh and energy density in Figs. 4.4 and 4.5 for
the one-level and two-level moving meshes of size 121 x 121. For the two-level computation, a coarse mesh of size 41 x 41
is moved by the moving mesh equation. From Fig. 4.5, one can see that the one-level method leads to an adaptive mesh
with higher mesh concentration in a narrower region of the interface. Nevertheless, the results obtained with the one-level
and two-level meshes seem very comparable (Fig. 4.4).

Example 4.2. The atomic number in the second example is defined as (cf. Fig. 4.1(b))
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(a): energy density at t = 0.25 (b): MM at ¢ = 0.25
1

gy LI
A W/////ll%”ll””lﬂlllg/l’l

7

7

\“lllllll{ﬂ/”

\
AW

\
i

W
\\

W

\
i
1
‘\‘:
A

A\\

ny,
.

y
Wy

N
W

lll\\\\\\\\\k\

It
i

II|‘

TN

7
777
TIFFFZF
=
==

T
T
i

\\\\‘\Illlllll
i

1l
il

W

AT
\

N
il

W
Nt

\ NS
MIHIHnn—s
7 MMT—_—_—_—_—
e
a0 TN MY AR R

N
N
1l

\
N
o

oy

i
A

11
o)

Ay
N
i
17

W
N

N
X

st
l'l’l’lll

X

(d): MM at t = 0.5

08

06

04

0.2

0 0.2 04 06 08 1
X

(e): energy density at t =0.75 (f): MM at t =0.75
1

N i
NNz
i 72
S ——"°

Y77
/ﬂ'ff%ﬂ/?m‘l
n
’/’
W

[,

I
l’/’
i /i 7

[T

i

IIIIlllllHﬂ",””,

LIS
[T
LTI

T

\\

0

il

\\
A

\

T T
|l
\

\31}\‘) Wi

\“
ANMAN
N
A
prifllll

S S
77 NS
i’ AW N
T TR
T LML
A N AN
0 0.2 04 06 08 1
X

AT
N
N
R

(g): energy density at t = 1.0 (h): MM at ¢t =1.0
1 -

A 177
7
N \Q\\NIHH""”””I’IIIIM i

jihiai
N

AR

X

‘:‘-

\\\n
\\V

7

11y
1
X

7
”[I[lllllg’f

[T,

AT

il

1/
7
7
R
N
N
N
AN

7

i

\
N
\

7

/17

N

\

N

)
TTTTTTTANARA

fii

s
i
7
i\
I\
W\

7z
i
\\\
[T

i
i
I

L

i
i
il

LB,
1

T

AR

\*\\\\\\\\\\“

W
\\
W

\

\\

W
Wiy
\
\

E
E
E
E
b
g
Z:

s/

i/l

W\
\
!

il AN
RTINS
i TR
il NRNRRY
””’/l'l'mﬂlﬂlllll Iﬂl||||||\\\\\\\\\\\\\\\\\\\\\\\‘:\‘-.=.‘=§
&

\
\
N
\
N
77777 T

W\
A\
N
N
N

==
S
=

S

W
X
SR

m,.

m
Ay
X

s TN
RN
A A A SR

06

Fig. 4.2. Example 4.1. An adaptive moving mesh (MM) of size 81 x 81 and the contours of the computed energy density obtained thereon are plotted at
t=0.25, 0.5, 0.75, and 1.0.



X. Yang et al. / Journal of Computational Physics 298 (2015) 661-677

(a): with MM at ¢ = 0.25 (b): with UM at ¢ = 0.25

0 0.2 04 06 08 1 0.2 04 06
X X

(f): with UM at ¢ = 0.75

0 0.2 04 06 08 1 0.2 04 06 08 1
X X

(g): with MM at t = 1.0

0 0.2 04 06 08 1
X

669

Fig. 4.3. Example 4.1. The contours of the energy density obtained with an adaptive moving mesh (MM) of size 81 x 81 are compared with those obtained

with a uniform mesh (UM) of size 512 x 512.
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(a): with MM1 at ¢t = 0.25 (b): with MM2 at ¢ = 0.25

06 08 . 04
X X

0 0.2 04

(g): with MM1 at t = 1.0

0 02 04 06 08 1 02 04 06
X X

Fig. 4.4. Example 4.1. The contours of the energy density obtained with a one-level adaptive moving mesh (MM1) of size 121 x 121 are compared with
those obtained with a two-level adaptive moving mesh (MM2) of size 41 x 41 (with the physical PDE being solved on a mesh of size 121 x 121).
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(a): MM1 at ¢t = 0.25

(b): MM2 at t = 0.25
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Fig. 4.5. Example 4.1. Adaptive moving meshes of size 121 x 121 obtained with one-level (MM1) and two-level (MM2) moving mesh strategies. MM2 is
obtained by uniformly interpolating a 41 x 41 moving mesh.
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Table 4.1
CPU time comparison among one-level, two-level moving mesh and uniform mesh methods for Example 4.1. The CPU time is measured in seconds. The
last column is the ratio of the used CPU time to that used with a uniform mesh of the same size.

Fine mesh Coarse mesh Total CPU time Ratio
One-level MM 41 x 41 41 x 41 1545 2.8
81 x 81 81 x 81 52673 22.7
121 x 121 121 x 121 1467826 254.3
Two-level MM 41 x 41 41 x 41 1545 2.8
81 x 81 41 x 41 3329 1.43
121 x 121 41 x 41 7430 1.28
Fixed mesh 41 x 41 n/a 553 1
81 x 81 n/a 2317 1
121 x 121 n/a 5771 1

Table 4.2
CPU time comparison among one-level, two-level moving mesh and uniform mesh methods for Example 4.2. The CPU time is measured in seconds. The
last column is the ratio of the used CPU time to that used with a uniform mesh of the same size.

Fine mesh Coarse mesh Total CPU time Ratio
One-level MM 41 x 41 41 x 41 1563 2.22
81 x 81 81 x 81 45904 15.5
121 x 121 121 x 121 1204614 169.7
Two-level MM 41 x 41 41 x 41 1563 2.22
81 x 81 41 x 41 3875 1.31
121 x 121 41 x 41 7526 1.06
Fixed mesh 41 x 41 n/a 704 1
81 x 81 n/a 2957 1
121 x 121 nja 7096 1

100, for (x,y)e (3, 1) x (0, D)
50, for(x,y) €(3.4) x (3. %)
20, for (x,) € (0, %) x (0, 3)
10, otherwise.

Z(x,y)=

The radiation diffusion equation is integrated up to T = 1.25 with a fixed time step At =1073.

The result obtained with a moving mesh of size 81 x 81 is shown in Fig. 4.6. The contours of the computed energy
density are comparable to those obtained in [24, Fig. 6.6]. Meanwhile, one can see that the moving mesh method captures
the interfaces and the onsets of the new interfaces very well.

The CPU time is reported in Table 4.2. Once again, one can see that the one-level moving mesh method is costly while
the cost of the two-level method stays within twice of that for fixed meshes. For instance, the CPU time of two-level moving
mesh is only about 8% and 0.6% of that for the one-level moving mesh for mesh size 81 x 81 and 121 x 121, respectively. This
is a significant gain of using the two-level mesh movement strategy. Moreover, the CPU difference between the two-level
moving mesh and the uniform mesh is becoming smaller and smaller when the mesh is getting finer. In particular, only
about 6% more CPU time is used with the two-level strategy than that for the uniform mesh for the case of mesh size
121 x 121.

Next, the moving mesh solution of mesh size 81 x 81 is compared with the uniform mesh solution with mesh size
512 x 512 in Fig. 4.7. The two sets of the solution are comparable.

Finally, the results obtained with the one-level and two-level moving meshes of size 121 x 121 are shown in Figs. 4.8
and 4.9. (A coarse moving mesh of size 41 x 41 is used in the latter case.) While both capture the interfaces and the onsets
of the new interfaces, the one-level moving mesh has higher point concentration near the interfaces. On the other hand,
the contours of the computed energy density are almost identical for both cases.

5. Conclusions

In the previous sections we have considered the numerical solution of two-dimensional equilibrium radiation diffusion
equations with a moving mesh FD method. Radiation diffusion equations are challenging to solve numerically. The diffusion
coefficient is highly nonlinear and often discontinuous over the spatial domain. This requires the use of an implicit time
integration scheme and careful construction of linear and nonlinear iteration methods for the solution of the resulting
nonlinear algebraic equations. Moreover, when radiation waves penetrate from hot sources to cold media, it will form a
sharp front near the interface between the hot wave and the cold medium and the energy density will vary greatly in a



Fig. 4.6. Example 4.2. An adaptive moving mesh (MM) of size 81

t=0.5,0.75, 1.0, and 1.25.

X. Yang et al. / Journal of Computational Physics 298 (2015) 661-677

0 0.2 04 06 08

(c): energy density at t = 0.75

(g): energy density at t = 1.25

1

04

0.2

0 0.2 04 06 08 1

(b): MM at t =0.5

X

(d): MM at t = 0.75

T T T
T ’
RS S s ua T

!
)

i
it ',,"lu,'{\n
i

i T
‘I“‘ i
W
W
o
il
W

ot
o
N
T
Wil
N
W

!

W
e
W

\
\\\\

N
W

0
W
N
\\%}{

\

W
N
W
N\
N
W

\
\
NN

/i

7

*:
\\
\
T

N

N

20

I

7
T 777 7772777 ]

77

772

JiIIrarsssss

7

A\
7
7

75

77771777757

W

7
771
)
Hi

N

A
N

77

A
W
W

AT
AT
Y
NN

i
i
i
7 i
gt ot
i
grsprar i
A i
A oot s i

i

LURVLLLY KVARVULARLAA) (VRG]
NN

AN
A I aan 1111118
SRR

s

==

=7

=

S
= i ;;,n',,"u,"l":',"l,"n

= il il
2
il il

\

\\

!
T

77
T
i

HH

il
2
i ,',,',h,',lt,','x.' '

=

WWARAA

TR
T

l
i
L

iy

T
L
.
=

77
7
2,

=

W
=

N

iy
22 i

7

. ""'IG,,,/,M,,"':,;II,’I,":,’N
“"""”""'llflll':'lly'.'{)‘,',l&'?""”\\\
(i
{

=

il AN
A
\

TN
AN
WERRONNY
R

NN

i
2

117

77
7z

AN

7
Wiz

673

and the contours of the computed energy density obtained thereon are plotted at
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(a): with MM at ¢ = 0.5 (b): with UM at ¢ = 0.5
1

06 08
X

Fig. 4.7. Example 4.2. The contours of the energy density obtained with an adaptive moving mesh (MM) of size 81 x 81 are compared with those obtained
with a uniform mesh (UM) of size 512 x 512.
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(a): with MM1 at ¢ = 0.5 (b): with MM2 at t = 0.5

06

1

0 =
4

X

Fig. 4.8. Example 4.2. The contours of the energy density obtained with a one-level adaptive moving mesh (MM1) of size 121 x 121 are compared with
those obtained with a two-level adaptive moving mesh (MM2) of size 121 x 121 (obtained by uniformly interpolating a moving mesh of size 41 x 41).
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(a): MM at t = 0.5 (b): MM2 at t = 0.5
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Fig. 4.9. Example 4.2. Adaptive moving meshes of size 121 x 121 obtained with one-level (MM1) and two-level (MM2) moving mesh strategies. MM2 is
obtained by uniformly interpolating a 41 x 41 moving mesh.

very short distance. It is necessary to use mesh adaptation to resolve these interfaces efficiently in the numerical simulation.
Furthermore, the solution of radiation diffusion equations typically stays nonnegative. Preserving this property or at least
avoiding excessive negative values in the numerical solution is crucial to the success of the numerical simulation of radiation
diffusion.
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In this work we have employed an MMPDE moving mesh method for dynamical mesh adaptation. The method uses a
meshing functional [7] based on mesh equidistribution and alignment and takes the size, shape, and orientation of mesh
elements into consideration. A two-level mesh movement strategy is further utilized to improve efficiency. The nonlinearity
of the equation is treated with the combination of lagged diffusion and the predictor-corrector procedure (cf. (3.8)). In the
prediction stage, the diffusion coefficient is calculated using the energy density at the previous step. The energy density
obtained at the prediction stage is then used for the calculation of the diffusion coefficient for the correction stage. Note
that linear equations are solved at each stage. This treatment, which is equivalent to two steps of the lagged diffusion
procedure, is comparable to the Beam and Warming linearization method in terms of accuracy and stability [17]. Moreover,
this allows an easy and effective dealing of negative values in the computed energy density. We have used the cutoff method
to replace the negative values by zero after the prediction and correction stages. This ensures the nonnegativity of numerical
solution which is crucial to the continuation of the computation. It has been shown in [18] that the cutoff method retains
the accuracy and convergence order of FD approximation for parabolic PDEs.

The moving mesh FD method with the above described treatments for nonlinearity and preservation of solution nonneg-
ativity has been applied to the two-dimensional equilibrium radiation diffusion equation with multi-material, multiple spot
concentration situations. The numerical experiment shows that the method is able to catch the interfaces and the onsets
of the new interfaces and concentrate mesh points near them. It is also shown that the method can produce numerical
results comparable to those obtained in [24] with the AMR method and those obtained with the uniform mesh of a much
bigger size. Numerical examples demonstrate that the computational efficiency can be significantly improved by the two-
level mesh movement strategy while maintaining a comparable accuracy. For instance, the overhead cost of the two-level
strategy over that with a uniform mesh of the same size is about 28% and 6% for the first and second examples for the case
of mesh size 121 x 121.

Several generalizations of the current work are under investigation. It is interesting to know how well the developed
method works in three dimensions. It is also interesting to know how it works for non-equilibrium radiation diffusion
systems.
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