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Abstract

In this paper, we develop a robust fifth order finite difference Hermite weighted essentially non-oscillatory (HWENO)
scheme for compressible Euler equations following the HWENO with limiter (HWENO-L) scheme (Zhang and Zhao, 2023).
The HWENO-L scheme reduced storage and increased efficiency by using restricted derivatives only for time discretizations.
However, it cannot control spurious oscillations well when facing strong shocks since the derivatives are directly used in spatial
discretizations without any restrictions. To address such an issue, our proposed HWENO scheme performs flux reconstructions in
the finite difference framework without using the derivative value of a target cell, which can result in a simpler and more robust
scheme. The resulting scheme is simpler while achieving fifth order accuracy, making it more efficient. Besides, numerically
we find it is very robust for some extreme problems even without positivity-preserving limiters. The proposed scheme also
inherits advantages of previous HWENO schemes, including arbitrary positive linear weights in flux reconstructions, compact
reconstructed stencils, and high resolution. Extensive numerical tests are performed to demonstrate the fifth order accuracy,
efficiency, robustness, and high resolution of the proposed HWENO scheme.
©2023 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we develop a robust finite difference (FD) Hermite weighted essentially non-oscillatory (HWENO)
scheme to solve compressible Euler equations

91 P pu
m pul+V-|pu®u+pl| =0, (1.1)
"I'E (E + p)u

with the equation of state p = (y — 1)pe, where p is the density, u = (u, v)! is the velocity, the superscript
T denotes the transpose of a vector, E is the total energy given by E = % + % pllul|?, p is the pressure, e is
the internal energy, I is the identity matrix, |lu|| is the L, norm of vector u, and y is the ratio of specific heat
(e.g., y = 1.4 for the ideal gas). The eigenvalues of Jacobian matrix for the flux functions are u — ¢, u, and u +c,
which involve the speed of sound ¢ = /yp/p. It is important to preserve the positivity of the density p and
the pressure p. High order positivity-preserving (PP) schemes are widely studied for solving compressible Euler
equations, including polynomial scaling and parametrized flux limiting approaches. We refer to [1] for reviewing
the two approaches.

In past decades, a variety of high order numerical schemes, such as the finite difference (FD) schemes [2-6],
finite volume (FV) schemes [7-11], and discontinuous Galerkin (DG) methods [12-16], have been developed to
solve hyperbolic conservation laws and related problems. Among them, HWENO schemes are an important type
of WENO schemes based on Hermite interpolations, which have been developed well in the past two decades. The
FV HWENO schemes were first proposed by Qiu and Shu in [17,18] to evolve the Eqgs. (1.1) and its first order
derivative equations, simultaneously, which were initially used as limiters for DG methods. However, the two-
dimensional HWENO scheme [18] cannot well control oscillations near strong shocks, such as that in the double
Mach and forward step problems. Since the first order derivative used in the HWENO scheme [18] becomes quite
large around strong shocks, it would lead to numerical oscillations and cause numerical instabilities. To overcome
such an issue, Zhu and Qiu [19] designed another two-dimensional HWENO scheme by choosing a different stencil
to approximate the first order derivative. Later, Capdeville [20] developed a FV Hermite upwind WENO scheme for
solving hyperbolic conservation laws. Liu and Qiu [21] constructed a FD HWENO scheme by using an additional
PP flux limiter [22]. Cai et al. employed a polynomial scaling PP limiter [23] to construct a PP FV HWENO
scheme [24]. Tao et al. [25] constructed a FV central HWENO scheme on staggered meshes. Besides, Zahran
and Abdalla generalized the fifth order FD HWENO scheme [21] to a seventh order FD HWENO scheme [26].
Ma and Wu [27] developed a compact HWENO scheme by using compact difference methods to approximate
derivative values. Inspired from the DG method [12], Zhao et al. [28] proposed a high order FV hybrid HWENO
scheme by updating both cell average values and first order moments with nonlinear HWENO reconstructions around
discontinuities while using linear approximations in smooth regions. It had been extended to a FD framework [29].
Wibisono et al. [30] presented a fifth order FV Hermite targeted ENO scheme for hyperbolic conservation laws. Li
et al. [31] proposed a class of high order FV and FD multi-resolution HWENO schemes from the idea of multi-
resolution WENO methods [6]. Zhang and Zhao [32] developed a HWENO with limiter (HWENO-L) scheme to
reduce storage and increase the efficiency of [29]. More explicitly, the restricted derivatives are both applied to
time stages and flux reconstructions in [29], while they are only used to time discretizations in [32]. However, the
HWENO-L scheme cannot simulate the one-dimensional Sedov and Leblanc problems even using PP limiters. The
reason is that the HWENO-L scheme uses unrestricted derivative values in flux reconstructions, which are quite
large near discontinuities. Compared with WENO schemes, the main advantage of HWENO schemes is that they
are compact with a small stencil due to Hermite reconstructions. For example, a fifth order FD WENO scheme has
full stencils with five points, while are only three for a same order HWENO scheme.

To conquer the shortcomings and retain the merits of the HWENO-L scheme [32], we develop a robust fifth order
FD HWENO (HWENO-R) scheme to solve one- and two-dimensional compressible Euler equations. The derivative
value of a target cell is no longer used in flux reconstructions for the HWENO-R scheme, which results in a simpler
and more robust scheme. Several advantages of the proposed HWENO scheme are given below. Firstly, it still
achieves fifth order accuracy in one- and two-dimensional cases by using less information in flux reconstructions.
Secondly, unlike previous FD HWENO schemes [21,26,29,31,32], the order of accuracy for flux reconstructions is
the same as that of the final scheme, which is more concise and has fewer computation cost. Thirdly, it is more
robust as it performs well for many extreme problems without PP limiters, except for a few two-dimensional high
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extreme problems, such as the 2000 Mach number astrophysical jet problem. Besides, it possesses the advantages
of the HWENO-L scheme, including arbitrary positive linear weights in flux reconstructions, compact reconstructed
stencils, and high resolution. Compared with WENO schemes in the same order, the proposed HWENO-R scheme
has minor numerical errors and higher resolution. However, solving additional derivative equations would require
more storage and computational cost. In the HWENO-R scheme, we use only linear approximations for the derivative
equations to save computational cost while using a HWENO limiter for derivative values that appeared in each time
stage for high order Runge—Kutta time discretizations. Numerically we find that spurious oscillations can be well
controlled. To preserve the positivity of density and pressure, two PP FV HWENO schemes [24,33] were developed
by using polynomial rescaling approaches [23,34]. Here, we take a parametrized PP flux limiting approach in [35]
for two-dimensional high extreme problems since it allows larger time steps in practice and is more convenient for
FD schemes.

The remainder of the paper is organized as follows. In Section 2, we describe detailed implementations of the
HWENO-R scheme in one- and two-dimensional cases. In Section 3, numerical tests are performed to verify the fifth
order accuracy, robustness, and high-resolution of the proposed scheme. Concluding remarks are given in Section 4.

2. Robust HWENO scheme

In this section, we present a fifth order FD HWENO-R scheme for one- and two-dimensional compressible Euler
equations. Compared with the previous FD HWENO schemes [21,26,29,31,32], the HWENO-R scheme no longer
uses the derivative of a target cell in flux reconstructions, which is simpler and more efficient as the HWENO-R
scheme still achieves fifth order accuracy even using less information. The HWENO-R scheme is also more robust
as it can simulate many extreme problems without any additional PP limiters.

2.1. HWENO-R reconstructions in one dimension

Firstly, a scalar hyperbolic conservation law in the one-dimensional case is considered as
ur+ fu)y =0, ulx,0)=upx). .1
For the FD HWENO scheme in [21], it introduces an auxiliary variable v = u,, and aims to solve

up+ fa)e =0,  ux,0) = uox),

2.2)
v, + h(u, v), =0, v(x,0) = vo(x),

where h(u,v) = f(u), = f'(u)v and vo(x) = u,(x, 0) = uy(x). We consider a uniform mesh of a given spatial
domain [a, b] with grid points {x; I{V:xo, and the mesh size is Ax = x;;; — x;. x; and xi+% = x; + Ax/2 are the
center and interface of the cell I; = [x; — Ax/2, x; + Ax /2], respectively. With such, a conservative semi-discrete
FD HWENO scheme for (2.2) is defined as
du; (1) | A A
=——(fiy1 — fl»,%) £ Fi(u,v),

dr Ax 2
aw U 2.3)
dr __Ax( i+% - i,%)— i(u, v),

where F;(u, v) and H;(u, v) are right-hand terms, and f: +1 and ﬁi 41 are numerical fluxes given as
2 2

N

fj+% = f(uj,,, ...,Mj+s,vj7r,...,vj+s), hj+% =h(uj,,,...,ujﬂ,vj,,,..., UjJrS),

with a stencil at {x;_,, ..., xj4}. Two implicit functions &(x) and n(x) are defined as that in [2,21], having

fw) = Aix/hé(x)dx, h(u, v) = Aix/, n(x)dx.
Since

Flu)y = E(x + Ax/2)A— E(x — Ax/Z), B ), = n(x + Ax/2) — n(x — Ax/2)’
o Ax
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ﬁ +1 and ﬁi +1 are the approximations of &(x, +1 ) and n(x; +1 ), respectively. If ﬁ 1 and le. 41 are high order
approximations and Lipschitz continuous concerning their arguments, the right sides of (2.3) are high order
approximations to — f(u), and —h(u, v), at x = x;, respectively.

For a general flux, an upwind biasing technique is commonly used for stability by spllttmg the fluxes f(u) and
h(u, v) into two parts: f(u) = fT(u)+ f~(u) and h(u, v) = h*(u, v) + h™(u, v), with df (”) > 0 and df (”) <0,
W > 0 and W < 0, respectively. A global Lax—Friedrichs splitting approach is f *u) = 2( f (u) + au)
and h*(u, v) = %(h(u, v) + @v), where @ = max, | f'(u)| and the maximum is taken in the global range of u.

Now we will give detailed HWENO-R reconstructions of f+(u) and h*(u, v) at point x;4 /2, denoted as f *

and htr The reconstructions of f 1 and h L1 are in a mirror symmetric with respect to x; i+l For simplicity, the

2 2
values of fT(u) and h*(u, v) at a point x; are denoted as f, +k and hl «» Tespectively.

e Step I. Obtain a quartic polynomial go(x) based on { f:l flil, hj' 1 hz++1} by a Hermite reconstruction,
satisfying
: . 1 , : .

A Ilqo(x)dx =f,+,l =i—1,i,i+1 and A—xfllqo(x)dx =hl+,l =i—1,i+1,
and reconstruct two linear polynomials ¢;(x) and ¢,(x) based on {f,, f;} and {f*, f1,}, respectively,
satisfying

1
A ql(x)dx—fl,l—z—ll and Ar Ilqz(x)dx=f,+,l=i,i+1.

The main dlfference of our stencils as compared to the previous FD HWENO schemes [21,26,29,31,32] is
that the stencils no longer contain the value of /;", which will be explained afterward. Then we get the values
of go(x), q1(x), g2(x), and q{)(x) at the point Xigls namely,

67 3 7
_ + o O e + +
‘10(xi+%)_ 120f f + 1207+ Ax( Ohl 1~ th+1)v
3 +
N, p) = —f- - —f-_l,
n 1

Clz(xH%) f + ,+|’

and
3
610(x1+1) (3f+ 16£," + 13f111)+ gti- A 8h1++1
e Step II. Compute smoothness indicators B;,k = 0, 1,2 as in [2], which measure the smoothness of the
functions g;(x) in the cell I;, satisfying
- d’qu(x)
_ 20—1 _
Bi = Z/I Ax¥1( o Ydx, k=0,1,2, (2.4)

where r is the degree of the polynomials g;(x). The explicit expressions are
1 2 2
Po= 16 [3CAE = £+ (hZ + ki) Ax] + 320 [f+ — fiti + (b + ki) Ax]

1
bz (31U, =207+ 50+ 33 (5, — hy) A

1421461
36400 [2(f+ 2f1+ + f;il) + (hlﬂ——l l+1) Ax] ’

Br=(ft, — %
Br=(f" = [

e Step III. Compute nonlinear weights based on linear weights and smoothness indicators. As in the WENO
scheme denoted by Zhu and Qiu (WENO-ZQ) [5], we also define a new parameter 7 to measure the absolute

4
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Xian X2 + + + X 2 X1 & " ”
i P X ¥ R R - ¥ -
i-1 i i+l 0 £ 71 i-1 i i+1 07 )t 7t 72

hi—17hi+1 hi—lnhi 7hi+l
o + + [ — o px £ gz
Slz{fi_laf; } Sl_{f;’—lhf; 7hi}

—e S, :{Jii:ﬁil} — 5, :{f;i’-ﬁil’hii}

(a) HWENO-R scheme (b) HWENO-L scheme [32)]

Fig. 2.1. Comparison of stencils used in HWENO flux reconstructions.

difference between By, 81, and B, as

|Bo — Bil + 1Bo — B2l
T =( ! 2.
2
Then we compute the nonlinear weights by
Wk . ~ T
Wy = —=—=, Wwith o= 1+4—),k=0,1,2,
T Bt o+ e = 1l ,3k+8)

where ¢ is a small positive number to prevent zero denominators set to be 107!% in this paper, and y, k =
0,1, 2 are the linear weights. By using Taylor expansions for f* and A% in B, at smooth regions and the
assumption of ¢ < B, we have ﬂkT_H = O(Ax*), k =0, 1, 2. So the nonlinear weights w; = y +O(Ax*), k =
0, 1, 2 satisfy the accuracy condition to achieve a fifth order scheme [3,4].

e Step IV. Finally, following the idea of the HWENO-L [31,32] and WENO-ZQ [5] schemes, we use a nonlinear

HWENO reconstruction to approximate f : ,» and adopt a linear approximation for ]:lf:l by the same quartic
i+3 i+

polynomial g, having

Fip =0 (Baot, ) = B, ) = 2aa, ) + o1, ) + 020205, ),

T+
i+% - qO(xi+%)9

(2.5)

where i,k = 0, 1,2 can be arbitrary positive linear weights as long as yy + y; + y» = 1. Numerically we
find that the linear reconstruction of h:r] works well without spurious oscillations.

2

Remark 2.1. Compared with the most relevant HWENO-L scheme [32], the derivative v; (corresponding to /;")
at x; is no longer used in the flux reconstructions of Step I. To distinguish the differences clearly, the sketch of
HWENO flux reconstruction stencils is compared in Fig. 2.1. We find that the HWENO-L scheme directly uses
unrestricted 2% (u;, v;), which is a natural idea to use all available information. However, v; might become quite
large, especially for some extreme problems from our numerical investigations shown in Fig. 3.9, which makes the
HWENO-L scheme less robust. Besides, with all available information, a sixth order reconstruction is used but only
achieves fifth order accuracy for the final HWENO-L scheme, which is not optimal. Such shortages also exist in
other FD HWENO schemes [21,26,29,31]. The proposed HWENO-R reconstruction is more robust, as it can directly
simulate many extreme problems without any PP approaches. It is also optimal since the order of reconstructions
is the same as that of the final scheme.
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2.2. Runge—Kutta time discretizations

After spatial discretizations, we solve the semi-discrete scheme (2.3) by the following third order strong stability
preserving (SSP) Runge—Kutta method

(1)' B n n o,n
ui ]:l(u , U )
[ (1) = v(l,lim + At |:H,‘(Mn, vn):| s
(2)‘ 3T ur ] 1 ud Fiw®, vy
[ @|=7 _v?,lim_ + 1 ([vlgl),um] + At |:Hi(u(1)’ v(l))]> ; (2.6)
un+l‘ 1T er; 7 2 Ml('Z) ]:-(u(z),v(z))
|:vn+1 =3 |t | + 3 ([vl@,zim + At Hli(u(z)’ v )
n,lim (1),lim (2), lim

where v;""", v; and v, are the restricted derivatives of v, vi(l) and vi(z) by a HWENO limiter described
below. As was shown in previous FD HWENO schemes [29,32], these derivatives might become quite large near
discontinuities. Here following [29,32], we also restrict the derivatives only for the values appeared in the time
stages as shown in (2.6).

In the following, we will briefly introduce the procedures of a HWENO limiter to restrict {v]', 41 (2)} and

obtain {v}" lim fl)l”", 1(2) fimy correspondingly, which are denoted as {uf, vf, f”””} for # = n, (1), (2). We will

apply a Hermite interpolation based on {uf_,, uf, uf , v} |, v’ } to obtain a quartic polynomials py(x), and use
linear interpolations based on {u}_,, uf} and {u!, uf, |} to get two linear polynomials p;(x), p2(x), respectively. For
simplicity, we drop the super index # below, and we have

pox): pox)=u,l=i—1,i,i+1, po(x)=v,l=i—-1,i+1,

pix): prx) =uw,l=i—1,1,

p2x) s ppx) =y, l=1i,i+1.
We compute smoothness indicators 3k(x) as in (2.4) to measure the smoothness of the functions pj(x), and the
expressions are

Bo = 1505 [29(ui 1 — 1) + 9 (Wimy + vig1) Ax]?
+% [uioy — i1 + (Vio1 + vig1) Ax]?
+ 11700 [787Wi—1 = 2u; + uig1) + 166 (v -1 — vig1) Ax]
AL [2(ui -1 — 2ui 4 wig1) + (Vimg — vig1) Ax]?,
ﬁl (ui —ui1)?,
ﬁ (ui — ut+1)

We also define a parameter T to measure the absolute difference between ﬁo, /§1 and ﬁz as

f:C&—&rH&—@vz

2

and the nonlinear weights are defined as

d)k:%, with ak:dk(l‘i‘Ar >7 k:0,1,2,
W] + Wy + @3 B+ ¢
where ¢ is also taken as 10710, Finally, the restricted derivative vf’”m is obtained from
#,lim ~ 1 ’ d; ’ dr ’ A A
v = o | - po(xi) — == pi(xi) — —— pa(xi) | + @1 py(xi) + @2 py(xi), (2.7)
doy dy doy
where dy,k = 0,1,2 are arbitrary positive linear weights as long as their sum equals one, and the explicit

expressions of p;(x;) can be found in [32]. Note that this limiter is only fifth order accurate, which is why the
HWENO-L scheme cannot achieve sixth order accuracy.

6
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2.3. HWENO-R reconstructions in two dimensions

A two-dimensional scalar hyperbolic conservation law is considered as

up+ f)y +gw)y =0, ulx,y,0)=up(x,y). (2.8)
Correspondingly, we introduce two auxiliary variables v = u, and w = u, as in [21], having
u + fwy + g, =0, u(x,y,0) =ug(x, y),
v+ h(u, v), + 1, v), =0, v(x,y,0)=rwv(x,y), (2.9)

w; +q(u, wy + s, w), =0, wx,y,0) =wy(x,y),

with

h(u, v) = f), = f'@v, r@,v)=gu), =g wv, volx,y) =u.(x,y,0),

q(uv w) = f(u)y = f/(u)w7 S(M, U)) = g(”)y = g/(u)w7 w()(-xv }’) = wy(x7 yv O)
We consider a uniform mesh of a given domain [a, b] x [c, d] with grid points {(x;, y;)} fori =0,..., Ny, j =
0,..., N, with mesh sizes Ax = x;41 —x; and Ay = y; 11 — y;. (x;, y;) is the center of cell /; ; = [xif%,xﬂrl] X
[y]_f il 1], with interfaces x, 1= + Ax/2 and Yird =V + Ay/2. A conservative semi-discrete FD HWENO
scheme for (2.9) is defined as

du,y(t) 1 N A | N
dj[ = —E(f,qrj i f,',%’j) - A_y(gi’j+% - gi’j,%)s
Qo _ L b e —h ) (2.10)
dr Ax Ttz =27 Ay itz TR '
dw,»,j(t) 1 . n | n
” = —A—x(qi_,_%,j —qi_%,j)— A_y(si'j‘*‘% _Si,j—%)’

where the numerical fluxes { fl L1 h il j} are reconstructed along the x-direction with a fixed y and the
~ 2, 2, . . . .
numerical fluxes {g; jalsS; ji } are reconstructed along the y-direction with a fixed x, by using the same HWENO
2 .
reconstruction as descrlbed in Section 2.1.

Special attention should be paid to the numerical fluxes g, +) and 7; jads which approximate the mixed derivative

terms g, = (f'(w)w)y = f(u)yy and ry = (g’ (W), = g(u)xy, respectlvely In [21,31], a third order reconstruction
with a flux splitting is used, making v; ;(#) and w; ;(¢) be only third order approximations. Instead, we directly use

fourth order linear approximation to reconstruct éi ny and fi‘j 1 as in [29,32], i.e.,

7 =Lty 4T 2Ty oLy
qi+% i = T 124i-1 + 124i.j + 124i+1,j 129i+2.j>

A

@2.11)

1 =

1 7 7 1
Tij+l = T13lij-1 + 3l + Bl — -

Then, the HWENO-R scheme achieves a fully fifth order accuracy and is much simpler, and numerically we find

that such linear reconstructions for g, 41 and 7, g+l also work well.

Similarly to the 1D case, we use the expllclt thlrd order SSP Runge—Kutta method (2.6) to solve the semi-discrete

HWENO scheme (2.10). To control spurious oscillations, the HWENO limiter (2.7) is also applied to modify vl’ j

#llm #,1lim

and w ; by a dimension-by-dimension methodology. Finally, v; and w;”;

stage values too.

are obtained and only acted as time

2.4. Algorithms of HWENO-R scheme

Remark 2.2. For one- and two-dimensional compressible Euler equations, it is important to perform HWENO
reconstructions for numerical fluxes along local characteristic directions to control numerical oscillations around
shocks and contact discontinuities. Besides, linear reconstructions of numerical fluxes in the derivative equations
are implemented in each component.
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Algorithm 1: one-dimensional case

Input: {u}, v} at time level n.
Output: {u7"', v""'} at time level n + 1.
Step I. Compute the right-hand terms of (2.3) for spatial discretizations.

-

2 fori =0, N, do
3 Compute fil and h+ by (2.5), similarly for f ~, and h;l
/ 2 i+2
4 | Compute f; 1 —f+ +f 1andh 1_h l—i—hjr
1 i+l

wn

Step II. Compute restncted derivatives v by (2.7).
Step III. Evolve to time level n + 1 from time level n by (2.6).

=)

Algorithm 2: two-dimensional case

Input: {”1 i lj, w! } at time level n.

Output: {uf”j", 7}“, "+'} at time level n + 1.

1 Step I. Compute the right-hand terms of (2.10) for spatial discretizations.
2 for j =0,...,N,, do

3 fori =0,. N,C, d0
4

Compute { f -} by one-dimensional reconstructions in Section 2.1.

by (2.11).

1+ o
5 Compute the mlxed derlvatlve term g,

Hrj

6 fori =0,...,N,, do
7 for j=0,..., N,, do

8 Compute {g; e AI i+ } by one-dimensional reconstructions in Section 2.1.
9 Compute the leCd derivative term 7, i+l by (2.11).
[ ’ 2
10 Step II. Compute restricted derivatives v# lim and w# Lim by a dimension-by-dimension approach, which is

similar to compute v by (2.7).
Step III. Evolve to time level n + 1 from time level n, similarly to (2.6).

-
=

Remark 2.3. For a few tough extreme tests of two-dimensional compressible Euler equations, such as Mach 2000
astrophysical jet flows and the shock reflection and diffraction problem, the proposed HWENO scheme cannot work
without PP limiters due to the appearance of negative density and pressure. Since only a few 2D extreme situations
require PP limiters, we will utilize a parametrized PP flux limiter [35] for 2D problems, which allows larger time
steps in a relatively large CFL number and does not sacrifice accuracy. The parametrized PP flux limiter is very
convenient for FD schemes, and the implementations are given in Appendix for 2D FD HWENO schemes.

Remark 2.4. For the additional derivative variable v, its boundary treatment depends on the main variable u. For
periodic, reflective, and outflow boundary conditions, v uses the same boundary treatment as u. For other boundary
conditions, such as Dirichlet or inflow boundary condition, we simply set v be 0.

3. Numerical tests

In this section, we will perform numerical tests in one- and two-dimensional cases to verify the fifth order
accuracy, high resolution, and robustness of the proposed HWENO-R scheme. For comparisons, we mainly consider
the HWENO-R, HWENO-L [32] and WENO-ZQ [5] schemes since the three schemes all use arbitrary positive
linear weights in flux reconstructions. The linear weights of the HWENO-L and WENO-ZQ schemes are chosen
as suggested from [5,32]. For the HWENO-R scheme, we take the linear weights {yp = 0.99, y; = y», = 0.005}
in the flux reconstruction (2.5) and {dy = 0.9, d; = d» = 0.05} in the limiter (2.7), based on our investigations in
Example 3.4.
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Table 3.1

Example 3.1. The L; errors, orders, and CPU time of the HWENO-R, HWENO-L, and WENO-ZQ schemes.
Mesh HWENO-R HWENO-L WENO-ZQ

L error Order CPU L, error Order CPU L error Order CPU

10 2.55E—-02 - 3.92E—05 1.66E—02 - 4.26E—05 1.67E—02 - 3.18E—05
20 3.24E-03 2.98 1.35E—04 1.13E—-03 3.88 1.57E—04 1.47E—-03 3.50 1.10E—04
40 1.32E—04 4.61 6.95E—04 2.40E—05 5.55 8.19E—04 7.34E—05 4.33 5.67E—04
80 1.04E—06 6.99 4.14E—-03 5.04E—07 5.58 4.91E-03 2.40E—06 493 3.33E-03
160 1.47E—08 6.15 2.58E—02 1.07E—08 5.56 3.14E—-02 7.15E—08 5.07 2.16E—02
320 3.69E—10 5.32 1.65E—01 3.24E—-10 5.05 2.00E—01 2.12E—-09 5.08 1.38E—01
10 x 10 2.80E—02 - 2.90E—04 2.34E-02 - 3.56E—04 1.83E—02 - 2.21E—04
20 x 20 4.04E—03 2.79 2.68E—03 6.09E—04 5.26 3.18E-03 1.80E—03 3.34 2.10E—03
40 x 40 4.54E—05 6.48 3.11E-02 1.26E—05 5.59 4.12E—02 7.47E—05 4.59 2.48E—02
80 x 80 1.09E—06 5.38 4.18E—01 5.04E—07 4.64 5.35E-01 2.41E-06 4.95 2.98E—01

160 x 160 1.46E—08 6.22 5.16E+00 1.07E—08 5.56 6.56E4+00  7.12E—08 5.08 3.82E—00
320 x 320  3.64E—10  5.33 7.48E+4-01 320E—-10  5.06 9.04E+4-01 2.10E-09  5.08 4.81E+01

To assess the efficiency and performance of these schemes, we first offer the results of accuracy tests. For the
discontinuous tests, we only concentrate on comparing the HWENO-R and WENO-ZQ schemes in some extreme
problems since the HWENO-L scheme cannot simulate even using PP limiters. We no longer present the comparative
results of the classical WENO [2], WENO-ZQ, modified HWENO [29] and HWENO-L schemes, which were given
in [32]. The PP researches of the classical WENO scheme were presented in [22,35,36].

Since HWENO schemes contain additional derivative equations, the boundary treatment of derivative variables
can be seen in Remark 2.4. For time steps, in the one-dimensional case, we take At = CFL (Ax)% /A for smooth
problems to observe the orders of spatial accuracy, and At = CFL /(A/Ax) for other problems, where A is the
spectral radius over the spatial domain for F(U), respectively. Correspondingly, in two-dimensional case, we take
At = CFL/(AX/(AX)% + A}./(Ay)%) for smooth problems and At = CFL/(A,/Ax + A,/Ay) for others, where
Ay and A, are the spectral radiuses over spatial domains for F'(U) and G'(U), respectively. CFL is taken as 0.6 in
our computations. For the comparison of computational cost, we run our simulations based on the programming
language Fortran 95 on the environment Inter(R) Xeon (R) Gold 6130 CPU @ 2.10 GHz.

Example 3.1. We first consider the accuracy test of scalar conservation laws. One- and two-dimensional Burgers’
equations are used to verify the fifth order accuracy and compare computational efficiency for the HWENO-R,
HWENO-L, and WENO-ZQ schemes. In the 1D case, the initial condition is u(x, 0) = 0.5 4 sin(;rx) with periodic
boundary conditions in the domain [0, 2]. In the 2D case, the initial condition is u(x, y, 0) = 0.5+ sin(w(x + y)/2)
with periodic boundary conditions in the domain [0, 4] x [0, 4]. Their final time 7 is 0.5/7 when the solutions are
smooth. The L; norm of numerical errors for the three schemes are given in Table 3.1, which shows the schemes
all achieve fifth order accuracy. More explicitly, in the 1D case with denser meshes (e.g., > 160), the CPU time
ratio of HWENO-R/WENO-ZQ is about 1.195, whereas the error ratio is around 1/5.263, and the CPU time ratio
of HWENO-L/WENO-ZQ is around 1.452, but the error ratio is almost 1/6.623. In the 2D case with denser meshes
(e.g., > 160 x 160), the CPU time ratio of HWENO-R/WENO-ZQ is about 1.453, whereas the error ratio is around
1/5.291, and the CPU time ratio of HWENO-L/WENO-ZQ is almost 1.798, but the error ratio is around 1/6.623.
These data demonstrate that at the same CPU cost, the HWENO schemes are more accurate than the WENO-ZQ
scheme as the product of the CPU time ratio and the error ratio is less than 1. More intuitively, the L errors and
CPU time measured in seconds are plotted in Fig. 3.1, which shows that the HWENO-R and HWENO-L schemes
are more efficient than the WENO-ZQ scheme for the HWENO schemes obtain minor errors on the fixed CPU time
as the mesh gets denser. Besides, the HWENO-R scheme is slightly more efficient than the HWENO-L scheme even
though they have similar numerical errors, which illustrates that some numerical wastes exist in flux reconstructions
of the HWENO-L scheme.

Example 3.2. We consider an accuracy test of the HWENO-R, HWENO-L, and WENO-ZQ schemes for
one-dimensional compressible Euler equations to compare computational efficiency. The initial condition is

9
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Fig. 3.1. Comparison of L errors and CPU time for Example 3.1.
Table 3.2
Example 3.2. The L; errors, orders, and CPU time of the HWENO-R, HWENO-L, and WENO-ZQ schemes.
Mesh HWENO-R HWENO-L WENO-ZQ
L, error Order CPU L, error Order CPU L, error Order CPU
10 6.00E—03  — 2.70E—03 1.63E—03  — 3.34E—-03 347E-03 - 2.34E-03
20 357E-04  4.07 1.28E—02  3.50E—05 5.54 1.51E—-02 8.72E—05 5.31 9.68E—03
40 1.78E—06 7.65 7.71E—-02 6.94E—-07 5.65 9.07E—-02 2.88E—06 4.92 5.78E—02
80 1.68E—08 6.73 4.80E—01 1.53E—08 5.51 5.71E—01 9.13E—08  4.98 3.71E-01

160 4.80E—-10  5.13 3.04E400  4.80E—10  4.99 3.61E+00  2.87E—-09  4.99 2.34E—-00
320 1.51E—11 5.00 1.95E+01 1.51E—11 5.00 2.32E+01 9.01E—-11  5.00 1.49E+01

(p,u, p,y) = (1 +0.2sin(wx), 1, 1, 1.4) with periodic boundary conditions in the domain [0, 2]. Up to the final
time T = 2, the exact solutions are (o, u, p) = (1 + 0.2sin(w(x — T)), 1, 1). The numerical errors and CPU
time of the HWENO-R, HWENO-L, and WENO-ZQ schemes are presented in Table 3.2, which shows the three
schemes all achieve fifth order accuracy. More explicitly, on the denser meshes (e.g., > 80), the CPU time ratio
of HWENO-R/WENO-ZQ is about 1.301, whereas the error ratio is around 1/5.780, and the CPU time ratio of
HWENO-L/WENO-ZQ is almost 1.546, but the error ratio is around 1/5.988. These data demonstrate that at the
same CPU cost, the HWENO schemes are more accurate than the WENO-ZQ scheme, which also can be known
from Fig. 3.2, where the L, errors and CPU time measured in seconds are plotted. Obviously, the HWENO schemes
obtain minor errors than the WENO-ZQ scheme on the fixed CPU time as the mesh gets denser, and the HWENO-R
scheme is also slightly more efficient than the HWENO-L scheme.

Example 3.3 (Accuracy test for the isentropic vortex evolution problem). We consider the isentropic vortex
problem [36] for 2D compressible Euler equations to test the order of spatial accuracy with PP limiters. For this
problem, the background flow is p = p = u = v = 1. We add a perturbation of an isentropic vortex centered at
(x0, yo) to the velocity field (u, v) and temperature T = p/p, with a constant entropy S = p/p?, that is,

(y — 1)6261_,2

3.1
8y (3.1

(MM=§WM%%ﬂ 5T =

where (X, y) = (x—xo, y—Yo), > = x>+7>. The computational domain is a square of [—5, 15]? and (xo, yo) = (5, 5),
with periodic boundary conditions. Here y = 1.4 and the vortex strength ¢ = 10.0828. The exact solution is a
passive convection of the vortex with respect to the mean velocity. The lowest density and pressure of the exact

10
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Fig. 3.2. Comparison of L; errors and CPU time for Example 3.2.
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Fig. 3.3. Comparison of L; errors and CPU time for Example 3.3.

solutions are 7.8 x 107! and 1.7 x 10~%°, respectively. The final time is 7 = 0.01 for the HWENO-R, HWENO-L,
and WENO-ZQ schemes. The L, errors, orders of accuracy, and CPU time are presented in Table 3.3, which shows
that the three schemes achieve desired fifth order accuracy, without or with the PP limiters. More explicitly, on the
denser meshes (e.g., > 320 x 320), the CPU time ratios of HWENO-R/WENO-ZQ without and with PP limiters
are about 1.823 and 1.609, respectively, whereas the error ratios are almost 1/5.524, and the CPU time ratios of
HWENO-L/WENO-ZQ without and with PP limiters are almost 1.978 and 1.704, respectively, but the error ratios
are around 1/5.682. These data demonstrate that at the same CPU cost, the HWENO schemes are more accurate than
the WENO-ZQ scheme. From Fig. 3.3, we can see more intuitive results, in which the L; errors and CPU time are
plotted. Then, we can know that the HWENO-R and HWENO-L schemes are more efficient than the WENO-ZQ
scheme without or with PP limiters as the mesh gets denser. Besides, the HWENO-R scheme is slightly more
efficient than the HWENO-L scheme by using less CPU time.

11
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Table 3.3
Example 3.3. The L errors, orders, and CPU time of the HWENO-R, HWENO-L, and WENO-ZQ schemes. WO: without PP limiters; WL:
with PP limiters.

Mesh WO WL

L; error Order  ppin Pmin CPU L, error Order  ppin Pmin CPU
HWENO-R
20 x 20 1.24E—03 - 343E-02 9.43E—03 8.00E—02 1.24E-03 - 343E-02 943E-03 143E-01
40 x 40 1.32E—04 3.23 1.94E—-03 —1.90E—03 9.30E—02 1.32E—-04 3.23 3.33E—-03 1.00E—13 1.75E-01
80 x 80 6.58E—06 4.32 8.51E—05 9.82E—06 141E-01 6.58E—06 4.32 8.51E—05 9.82E—06 2.74E—01

160 x 160 4.78E—08 7.11 5.39E-06 1.73E—06 5.43E-01 4.78E—-08 7.11 5.39E-06 1.73E—06 8.50E—01
320 x 320 4.78E—10 6.64 2.55E-07 2.95E—08 6.33E—00 4.78E—10 6.64 2.55E-07 2.95E—-08 8.03E—00
640 x 640 1.34E—11 5.16 1.22E—-08 4.67E—10 7.87TE+01 1.34E—11 5.16 1.22E-08 4.67E—10 9.66E+01

HWENO-L

20 x 20 3.38E-03 - 3.10E-01 —1.55E+00 842E-02 3.51E-03 - 2.14E-01 8.52E—-02 1.38E—01
40 x 40 3.40E-05 6.64 1.01E-04 —8.04E—04 9.23E—02 3.40E-05 6.69 8.77E—04 1.00E—13 1.67E—01
80 x 80 1.48E—06 4.52 6.69E—05 9.98E—06 1.48E—01 1.48E—06 4.52 6.69E—05 9.98E—06 2.62E—01

160 x 160 1.87E—08 6.31 1.09E—-05 1.83E—06 5.74E—-01 1.87E—08 6.31 1.09E—-05 1.83E—06 8.48E—01
320 x 320 4.57E—10 5.36 4.81E—07 3.13E-08 6.86E—00 4.57E—10 5.36 4.81E—-07 3.13E-08 8.53E—00
640 x 640 1.34E—11 5.09 1.23E—-08 4.80E—10 8.55E4+01 1.34E—11 5.09 1.23E—-08 4.80E—10 1.02E402

WENO-ZQ

20 x 20 1.01E—04 - 499E—04  —494E—03 6.14E—02 101E—04 - 1.83B—03 9.99E—14 1.46E—01
40 x 40 225E—05 2.16 —192E—04 5.14E-04  7.03E—02 2.32E—05 2.11 8.86E—04 1.00E—13 1.82E—01
80 x 80 347E—-06 270  3.66E—04  —2.65E—04 1.03E—01 3.46E—06 275 247E—04 1.68E—05 2.80E—01

160 x 160  7.64E—08 5.50 1.70E—05 1.31E-05 296E—-01 7.64E—08 5.50 1.70E-05 1.31E-05 6.80E—01
320 x 320 2.48E—-09 4.95 1.16E—06 2.80E—07 3.53E—-00 248E—-09 4.95 1.16E—-06 2.80E—07 5.17E—00
640 x 640 7.96E—11 4.96 6.93E—-08 4.93E—-09 425E+01 7.96E—11 4.96 6.93E—-08 4.93E—09 5.80E+01

Remark 3.1. From Tables 3.1-3.3, we can see that the order of HWENO-R, HWENO-L and WENO-ZQ schemes is
less or greater than five, or the HWENO-L scheme might have minor errors than the HWENO-R scheme on coarser
meshes. But, the three schemes achieve the designed fifth order accuracy, and the HWENO-R and HWENO-L
schemes have similar numerical errors as the mesh gets denser. The reason is that when we compute the convergence
rates, we usually assume the truncation errors for a fifth order scheme are of the form Ch’, where C is a constant
that does not depend on the mesh size 4. However, this is only true when £ is small enough. For coarse meshes,
the truncation errors might not be exactly of the form Ch>, so we could observe those phenomenons above.

Example 3.4. We now solve the blast wave problem modeled by one-dimensional compressible Euler equations.
The initial condition is

(1,0, 1000, 1.4), if x € [0,0.1),
(p,u, p,y)=1(1,0,0.01,1.4), if x e[0.1,0.9), (3.2)
(1,0, 100, 1.4), if x € [0.9, 1],

with reflective boundary conditions on the left and right. The final time is 7 = 0.038. The reference solution is
generated by the classical WENO scheme [2] using 2001 points. For the HWENO-R, HWENO-L and WENO-ZQ
schemes, the computational density is plotted in Fig. 3.4, which shows the HWENO-R and HWENO-L schemes
have higher resolution than the WENO-ZQ scheme due to compact spatial stencils. Meanwhile, the HWENO-R
scheme uses less information in flux reconstructions but has slightly better resolution than the HWENO-L scheme.

Next, we will investigate the linear weights {yy, y1, 2} for flux reconstructions in (2.5) and {dy, d;, d»} for
HWENO limiter in (2.7) on how they affect the results of the HWENO-R scheme. For simplicity, the HWENO-R
scheme with those given linear weights in Table 3.4 is denoted as HWENO-R:(Dk,Gk).

Firstly, for the fixed linear weights D1 in the limiter, the comparative results computed by the HWENO-R scheme
with linear weights {G1, G2, G3, G4} are shown in Fig. 3.5. We can see that the resolution of the solution is affected
by the linear weights in the flux reconstructions, and larger y, with the fixed D1 may result in better resolution.
Secondly, for the fixed G1 in the flux reconstructions, we also give the computational results of HWENO-R with
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Fig. 3.4. Example 3.4. The results of solution computed by the HWENO-R, HWENO-L and WENO-ZQ schemes for the blast wave problem.
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Fig. 3.5. Example 3.4. The results of solution computed by the HWENO-R schemes with different linear weights in the flux reconstructions
and fixed D1 in the limiter.

the linear weights {D1, D2, D3, D4} in Fig. 3.6. Then, we know that the resolution of the solution is also affected
by the linear weights in the limiter, and larger or smaller dy with the fixed G1 may result in worse resolution.

To control spurious oscillations and obtain better resolutions, yy and dy cannot be set quite large or small in
the flux reconstructions and limiter. By trial and error, if the linear weights 2 € [100, 300] and Z—O e [10, 30]
are used in the flux reconstructions and the limiting process, respectively, the results obtained by the HWENO-
R scheme are similar with high resolution and non-oscillation, shown in Fig. 3.7. Taking a compromise option,
we recommend adopting the linear weights {G1, D2} in the flux reconstructions and limiting process, that is
{vo = 099, y1 = y» = 0.005} in (2.5) and {dy = 0.9, d; = d, = 0.05} in (2.7). For other numerical tests
of this paper, the HWENO-R scheme with the recommended linear weights can control numerical oscillations well,
behaving with high resolution in simulations.

Example 3.5. We solve the Sedov problem of one-dimensional compressible Euler equations, which involves
low-density and strong shocks. The computational domain is [—2, 2], the density is p(x,0) = 1, the velocity
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Fig. 3.6. Example 3.4. The results of solution computed by the HWENO-R schemes with different linear weights in the limiter and fixed
G1 in the flux reconstructions.

Table 3.4
Example 3.4. The HWENO-R:(Gk,Dk) schemes with different linear weights in the
flux reconstructions and limiter.

In the flux reconstructions In the limiter

G1:{y =0.99, y; =y, =0.005} D1 :{dy = 0.99, d| = d» = 0.005}
G2:{yp=0.9,y; =y, =0.05} D2 :{dy=0.9,d, =d, =0.05}
G3:{pw=y=r.=1/3} D3:{dy=d) =dy =1/3}

G4 :{yp=0.1,y; =y, =045} D4 :{dy=0.1,d, = dy = 0.45}

G5 : {yo = 100/102, y = y» = 1/102} D5 : {do = 10/12,dy = dr = 1/12}
G6 : [yo = 150/152, 1 = y» = 1/152} D6 : {do = 15/17,dy = d» = 1/17)
G7: {yo = 200/202, y = y» = 1/202} D7 : {do = 20/22, dy = dr = 1/22}
G8 : {yo = 250/252, y1 = y» = 1/252} D8 : {do = 25/27,dy = d» = 1/27)
G9 : {yo = 300/302, y = y» = 1/302} D9 : {dy = 30/32, dy = dr = 1/32}

is u(x,0) = 0, and the total energy is E(x,0) = 107'? everywhere except in the center cell with a constant
E(x,0) = 3.2 x 10°/Ax. We take y = 1.4, and the final time is T = 0.001. The exact solution is provided
in [37,38]. Outflow boundary conditions are imposed on the left and right. The computational density are shown
in Fig. 3.8, where the HWENO-R scheme with compact reconstructed stencils performs slightly better than the
WENO-ZQ scheme. The HWENO-L scheme cannot simulate this problem even using the parametrized PP flux
limiting approach in [35].

To investigate the reason of the failure in simulations for the HWENO-L scheme, we present the derivatives
of density after marching one time step for the HWENO-R and HWENO-L schemes in Fig. 3.9. We can see
that the derivatives of the HWENO-L scheme have more dramatic variations than the HWENO-R scheme. More
explicitly, the maximum value of derivatives for density exceeds 4000 in the HWENO-L scheme, while less than 20
in the HWENO-R scheme. This phenomenon shows that huge numerical oscillations for density are existed in the
HWENO-L scheme, leading to the failures of the HWENO-L scheme in the simulation as time evolves. Besides,
this issue cannot be solved by using PP limiters as the PP limiters can keep the positivity of density and pressure
but cannot control numerical oscillations. Conversely, the proposed HWENO-R scheme can well simulate this test
without any PP limiters, which shows the strong robustness of the HWENO-R scheme.
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Fig. 3.7. Example 3.4. The results of solution computed by the HWENO-R schemes.
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Fig. 3.8. Example 3.5. Sedov problem with 800 meshes.
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Fig. 3.10. Example 3.6. Double rarefaction problem with 400 meshes.

Example 3.6. We solve the double rarefaction problem [39] of one-dimensional compressible Euler equations, which
includes low-density and low-pressure solutions. The initial condition is

(7,-1,02,14), ifxe[-1,0),

. (3.3)
(7,1,02,1.4), if x €0, 1].

(,O,l/l, P, )’) = {

Outflow boundary conditions are imposed on the left and right. The final time is 7 = 0.6. The results are shown in
Fig. 3.10. The HWENO-R and WENO-ZQ schemes work well for this extreme problem without PP limiters, but
the HWENO-R scheme has more compact reconstructed stencils.

Example 3.7. We solve the Leblanc problem of one-dimensional compressible Euler equations. The initial condition
is

(2,0, 10%, 1.4),
(1073,0, 1, 1.4),

if x € [-10, 0),

if x € [0, 10]. SR

(mmnwz{
Outflow boundary conditions are imposed on the left and right. The final time is 7 = 0.0001. We show the
computational density in Fig. 3.11 for the HWENO-R and WENO-ZQ schemes without PP limiters. They can
perform well in this case and have similar performances. The other FD HWENO schemes [21,26,29,31,32] cannot
simulate the problem directly. The reconstructed stencils of the HWENO-R and HWENO-L schemes are more
compact than the WENO-ZQ scheme, but the HWENO-L scheme also fails to simulate this extreme problem, even
with PP limiters.

Example 3.8. We solve the double Mach reflection problem of two-dimensional compressible Euler equations.
The computational domain is [0, 4] x [0, 1]. The initial condition is a pure right-moving Mach 10 shock, initially
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Fig. 3.11. Example 3.7. Leblanc problem with 6400 meshes.

located at x = %, y = 0, making a 60° angle with the x-axis. The left and right boundaries are inflow and outflow,
respectively. The top boundary is the exact motion of a Mach 10 shock. For the bottom boundary, the exact post-
shock condition is posed on [0, é] x {0}, and a reflective boundary is used for the rest. The computational density
in the final time 7 = 0.2 are showed in Fig. 3.12 for the HWENO-R, HWENO-L, and WENO-ZQ schemes. The
HWENO-L and HWENO-R schemes can capture more complicated structures around the double Mach stems than
the WENO-ZQ scheme because of using compact reconstructed stencils. The HWENO-R scheme also has a slightly
higher resolution than the HWENO-L scheme, even using less information in flux reconstructions.

Example 3.9. We solve the forward step problem of two-dimensional compressible Euler equations containing a
Mach 3 wind tunnel with a step. The computational domain is a union of [0, 0.6] x [0, 1] and [0.6, 1] x [0.2, 1]. The
initial condition is a right-going Mach 3 flow. Reflective boundary conditions are used along the wall of the tunnel.
Inflow and outflow boundary conditions are used at the entrance and exit, respectively. The final time is 7 = 4. The
results of computational density are shown in Fig. 3.13 for the HWENO-R, HWENO-L, and WENO-ZQ schemes.
Due to more compact stencils, the HWENO-R and HWENO-L schemes have better resolution than the WENO-ZQ
scheme, and the HWENO-R scheme has slightly higher resolution than the HWENO-L scheme. The total CPU
time is 29093.92 s for the HWENO-R scheme, 31945.12 s for the HWENO-L scheme, and 20542.55 s for the
WENO-ZQ scheme. Correspondingly, the CPU time ratios of HWENO-R/WENO-ZQ and HWENO-L/WENO-ZQ
are around 1.416 and 1.555, respectively, which also show that the HWENO-R scheme has higher efficiency than
the HWENO-L scheme. Besides, the two HWENO schemes use more CPU cost than the WENO-ZQ scheme, as the
HWENO schemes bring additional derivative equations, but the HWENO schemes have slightly better resolutions
with more compact stencils.

Example 3.10. We now consider a Sedov problem of two-dimensional compressible Euler equations. The compu-
tational domain is [0, 1.1]%. For the initial condition, similarly to the 1D case, the density is p(x, y,0) = 1, the
velocities are u(x,y,0) = v(x,y,0) = 0, and the total energy is E(x,y,0) = 107> everywhere except on the
lower left corner with a constant E(x, y,0) = %. y = 1.4. Reflective boundary conditions are used on the
left and bottom, while outflow conditions are on the right and upper boundaries. The exact solution is provided
in [37,38]. The final time is 7 = 1. The computational results of the HWENO-R and WENO-ZQ schemes are
shown in Fig. 3.14. The two schemes without PP limiters work well for this test with capturing the front density
propagation, and the HWENO-R scheme has slightly better resolution than the WENO-ZQ scheme due to more
compact stencils. However, other existing FD HWENO schemes [21,26,29,31,32] fail to work for this problem

directly.

Example 3.11. We solve the Mach 2000 astrophysical jet problem without a radiative cooling, which has been
studied in [40—42]. The computational domain is [0, 1] x [—0.25, 0.25]. Initially, it is full of an ambient gas with
(p,u,v, p,y)=1(0.5,0,0,0.4127, 5/3). We take outflow boundary conditions on the right, top, and bottom. On the
left boundary, we set (p, u, v, p) = (5, 800, 0, 0.4127), y € [—0.05, 0.05] and (p, u, v, p) = (0.5, 0, 0, 0.4127) for
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Fig. 3.12. Example 3.8. Double Mach reflection problem. Contour plots of density with 30 equally spaced lines from 1.5 to 22.7. Meshes:
1600 x 400.

the rest. The results of computational density in the final time 7 = 0.001 are shown in Fig. 3.15 for the HWENO-R
and WENO-ZQ schemes, which cannot work without PP limiters. The HWENO-R scheme coupled with PP limiters
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Fig. 3.13. Example 3.9. Forward step problem. Contour plots of density with 30 equally spaced lines from 0.32 to 6.15. Meshes: 960 x 320.

performs well for this problem, and the proportion of cells that used PP limiters is about 0.0146%, which has similar
resolutions with the WENO-ZQ scheme. Besides, the total CPU time for the HWENO-R scheme is 2292.73 s, and
the CPU time ratio of HWENO-R/WENO-ZQ is 1.577. It has an obvious difference compared with Example 3.9
since the PP limiters are activated in this test.
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Fig. 3.14. Example 3.10. 2D Sedov problem. Contour plots of density with 40 equally spaced lines from 0.1 to 5. Meshes: 320 x 320.
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Fig. 3.15. Example 3.11. High Mach 2000 problem. Contour plots of density with 40 equally spaced lines from —2 to 3 and scales are
logarithmic. Meshes: 640 x 320.

Example 3.12. We consider a Mach 10 shock problem with shock reflection and diffraction [43]. The computational
domain is a union of [0, 1] x [0, 1] and [—1, 1] x [1, 3]. The initial condition is a pure right-moving Mach 10 shock,
initially located at x = l, y = 0, making a 60° angle with the x-axis, that is

(8, 3sin(%), =3 cos(%), 116.5, 1.4), x < 1 +I,

7”’ v7 9 -
(0t 0- P V)= 470 0,1, 1.4, otherwise.

The boundary conditions are set as inflow on the left, outflow on the right and bottom, and reflective on the wall
[ é, 1] x {0} and {1} x [—1, 0]. The exact post-shock condition is posed on [0, 6] x {0}. The top boundary is the
exact motion of a Mach 10 shock, which is (p, u, v, p) = (8 sm( ), — cos( ), 116.5) for 0 < x < % + l‘f}m
and (p,u,v, p) = (1.4,0,0, 1) for the rest. We show the dens1ty at the ﬁnal tlme T = 0.2 for the HWENO-R
and WENO-ZQ schemes in Fig. 3.16. For this challenging test, we stress the importance of PP limiters again. The
HWENO-R and WENO-ZQ schemes will blow up without PP limiters. The HWENO-R scheme with PP limiters
works well, and the proportion of cells that used PP limiters is 0.0012%. The total CPU time for the HWENO-R
scheme is 12902.85 s, and the CPU time ratio of HWENO-R/WENO-ZQ is about 1.496. The ratio is less than
that in Example 3.11, since the proportion of cells that used PP limiters is much less than that in Example 3.11.
Besides, the HWENO-R scheme has more compact stencils than the WENO-ZQ scheme, and it also can capture
finer structures with higher resolution, such as the roll-up phenomenons.

Example 3.13. Finally, we consider the Rayleigh-Taylor instability problem [44,45] modeled by two-dimensional
compressible Euler equations with source terms, where p and pv are added to the right-hand side of the third and
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Fig. 3.16. Example 3.12. Mach 10 shock reflection and diffraction problem. Contour plots of density with 50 equally spaced lines from 0
to 25. Meshes: 960 x 320.

fourth equations, respectively. The computational domain is [0, 0.25] x [0, 1] and the initial condition is

(2,0, —0.025¢ - cos(8mx),2y + 1,3), 0<y <1,

(1,0, —0.025¢ - cos(8mx), y + 3,3), 1 <y=<1,

(o, u,v,p,y)=

where the sound speed ¢ = /yp/p. Reflective boundary conditions are imposed for the left and right. The
flow values are set as (o, u, v, p) = (2,0,0, 1) and (p, u, v, p) = (1,0,0,2.5) at the bottom and top boundary,
respectively. We compute the time up to 7 = 1.95 and show the computational results on different meshes in
Fig. 3.17 to compare the numerical dissipation of the HWENO-R and WENO-ZQ schemes. The HWENO-R and
WENO-ZQ scheme capture typical flow structures well for this problem, and the results are similar to that in [46].
We observe that the resolution of solutions computed by the HWENO-R scheme exhibits better performance and
dispersive behavior, having a more subtle roll-up structure than the WENO-ZQ scheme on the same meshes.
Besides, the results are comparable for the HWENO-R scheme with coarser meshes (e.g., 120 x 480) and the
WENO-ZQ scheme with denser meshes (e.g., 240 x 960), which both illustrate that the HWENO-R scheme has low-
dissipation property. This example shows that compact reconstructions have better resolution due to less dissipation
and dispersion. The analysis of spectral property for high order WENO schemes can be seen in [47], and the analysis
of the dispersion and dissipation behavior for HWENO schemes is going on.

Remark 3.2. For two-dimensional high extreme problems, such as the Mach 2000 astrophysical jet flows and the
shock reflection and diffraction problem, a parametrized PP flux limiter [35] is still necessary for the proposed
HWENO-R and WENO-ZQ [5] schemes.

4. Concluding remarks

In this paper, we proposed a robust FD HWENO-R scheme for compressible Euler equations. The main
idea is to avoid the derivative of a target cell in the flux reconstructions compared with existing FD HWENO
schemes [21,26,29,31,32]. To save computational cost and control numerical spurious oscillations, all derivative
values are restricted only at each Runge—Kutta time stage by a HWENO limiter, while others only use linear
approximations. The proposed HWENO-R scheme has optimal fifth order accuracy and is more efficient than the
HWENO-L [32] and WENO-ZQ [5] schemes. It is also more robust since it can directly simulate many challenging
problems. In contrast, other HWENO schemes [21,26,29,31] need additional PP technique, and the HWENO-L
scheme cannot simulate the challenging problems even using extra PP limiters in [35]. The HWENO-R scheme
has higher resolutions than the WENO-ZQ scheme due to more compact stencils at the cost of solving additional
derivative equations. Overall, the HWENO-R scheme can be slightly better than the WENO-ZQ scheme for resolving
some fine structures at the same computational cost. For two-dimensional high extreme problems, such as the Mach
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Fig. 3.17. Example 3.13. Rayleigh-Taylor instability problem. Contour plots of density with 15 equally spaced lines from 0.952269 to
2.14589.

2000 astrophysical jet flows and the shock reflection and diffraction problem, the PP limiters were activated for both
the HWENO-R and WENO-ZQ schemes to avoid negative density or pressure. The PP limiters may further increase
computational cost for both schemes, but they make the schemes more robust.
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Appendix
The two-dimensional compressible Euler equations
U, + F(U), + G(U), =0, (A.1)
with
o pu pv
U=|"| Fuy= | PP | guy=| P
T in| - pUv ’ | puP+p |
E (E + pu (E+ ppw

where p is the density, m = pu and n = pv are the momenta, u and v are velocities along x and y directions,
respectively, p is the pressure, E = % p(u? + v?) + % is the total energy. Following [21,29], we introduce two
auxiliary variables V = U, and W = U, to solve
U, + F(U), + G(U), =0,
V:,+H(U, V), +R@, V), =0, (A.2)
W, +Q(U, W), + S(U, W), =0,
where
HU,V)=F(@U)V and R(U,V)=G'(U)V,
QU,W)=G'(U)Wand SU,W)=G (U)W,
with Jacobian matrix F'(U) = 90F(U)/0U, which has four eigenvalues u — ¢, u, u, u + ¢, and Jacobian matrix

G'(U) = 0G(U)/9U with v — ¢, v, v, v + ¢, where the speed of sound ¢ = /yp/p. A conservative semi-discrete
FD HWENO scheme for (A.2) is defined as

dt i,j(t) 1 ~ ~ 1 ~ ‘G‘
; __(F[ %,j — Fi %,j) jy( l'.jJr% i,j %),
d‘i,j(t) 1 ~ = 1 R _AR
; — _(Hl %,] _Hi %J) A ( i,j+% i,J %)’ ( . )

dW,»,j(t) 1 ~ ~ 1 ~ ~
T = —E(QH_%J - Q,-_%,j) - A_y(si~,.i+% — Si,j—%)’
where F +1 I’-\Il+ e 61+ e Gl g ., R Pjh and S L) are numerical fluxes.

For the 2D HWENO scheme (A. %) a parametrlzed PP flux limiter is applied to the main variable U at the final
stage for a high order multi-stage RK scheme which is rewritten as

Ut =ur - (FRK —EF ) -G -G ), (A4)
-1 i,j+3 ij—3

/P\‘RK ~and GRK , are convex combinations of corresponding numerical fluxes from the

2»] +3 o~
multi-stage RK method for each component « = At/Ax and A, = At/Ay. Denote ﬁRf = ( f - f,’"

where numerical fluxes

) GRK " T
fl+ J fz+ ) and G (gl g+ '8 FIE gi’H%, 3 +£) . For maintaining the PP property of scheme (A 4)

we modlfy FRK ; and GRK by
+1

R =6 (FRK —f Y +T,
i+1. Uity JF z+§j t+%q1)+ i+

~RK ( ~ )+A (AS)
ij+y T J+l I]Jr* iqur% ij+%’
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such that for the new updated scheme of Ul”j”,
1 RK RK ~RK ~SRK
U:‘l:]‘r Un - )\ (F F ) - AW(GI’,_]"F% - Gi,jfl% (A‘6)
n+1 n+1 - ra p m n E T
we have p;’; >Oandp > 0 for all i, j. Here f, 1 (fz+ ]fz+ ]fH- ]fl ) andglﬁf
(g” 8" gf' - ', I)T similarly can be taken as the ﬁrst order monotone Lax—Frledrlchs fluxes

iy Ci Ll Sl

£y, =HU, Ui ) = %[f(Ui,j) +£(Uis1) — Uiy ; — U I,

&0y = UL, Uy = 318U )+ 85U, ) — ey Uyt — Ul
where a, = ||[u] +cllo and @, = ||[v] + |l Let ﬁ;’jl @rt mtt At E"“)T, which is updated by the
first order numerical fluxes,

U =0l = Ay —fy ) - M@y -8, (A7)

then p A”“ > 0 and ﬁl"jl = p(ﬁ”“) > 0.

Deﬁne two small positive numbers ¢, = mln{pl 211073 > 0 and ep = min{p! +1 , 10713} > 0. To obtain a PP
scheme (A.6), we look for four parameters (AL I ., A, I . Ap, I S v, i suéh that for any 6, %’j € [0, AL g, i
0. € [0, Ar.1; ], 0” 1 €[0,4p g, ;1 and 6, j+l € [0 /1(/1 ] the scheme (A.6) with updated U"Jrl will have

H— W
,01”71 > 0 and p”“ >0 for all i, j. The procedure is bellowed.

e Step I. To obtain a positive density. For the density, we consider the first component of (A.6), which requires
n+l _ on P _ 7P _ ~p
Pij = Pij AX(fH—%,j fl ) A (gz/+ gi’j_%)28p>0~

It can be revised as

n+1
eif%dfi +9:+ Jfl+ J+9'J éfi,j*%—i_el',jJr% w+§ =& — '61,1 ’ (A.8)
with
fovy=mfPy =) f = =),
2 i—5.J 1=75.J 2 z+ z+ J
~p o — (3 (A.9)
fij-y = y(g,, 1 _gi,j—l)’ Jijer =~ y(gi,j+l u+1)
First we find (A7 , , A% . A%, Ay, - such that (A.8) holds for any 6,_, ; € [0, AL ) Oy €
[0, A% . 1 9117%6[0 ADI At and9 | e[() A Ij] The four parameters (A7 ; . /1‘1’”! A%I Ap 1)
can be determlned by the 51gn of four local Values f i Sip1 +1 f; F and f; P+l seen 1n [48]. We omit

them to save space.
e Step II. To obtain a positive pressure. For the pressure, the requirement is

Ly + gy
pii =pUH =@ -1 (E'njl 2 : PRt : =ep>0 (A.10)
i
p,";rl _pl"J]rl(g L 0.1 ,9” ZJ+1) We now look for (A 1, ;, Ar.1; ;» Ap,1; ;» Av,1; ; ), within the regions

S, =10, /1 LI ] x [0, AR I ] X [0 A L. ] x [0, /1 D.I; ] such that (A. 1()) holds for any 9 _y € [0, AL,,LJ.],
91+ e [0, AR il i,j—l e [0, ADI ] and 0 e [0, Ay, ;1 To find the largest possible value of
(AL I ARJw AD»’w AU,,W.) within the regions S , the procedure is given as follows:

1. We define the 16 vertices of S, as Akvkokske = (k) ALI sz'IO” k3/1D1 kg A? v ) with
ki, ko, ks, ks € {0, 1}. If p(A%k-k2kska)y > £p, we let Bkuka k3, k) — = Ak ks, ka), Otherw1se we find
a scaling parameter r, such that p(rA®1k24k3k0)y > ¢ “and we take B*1k2kska) = p Akika ks ke) 2y g
obtained by solving (A.10) as equality, which is still a quadratic equation of r.
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Algorithm A.1: Implementation of 2D PP flux limiter

Input: point values A, Ay, ¥, U, j, f'i% T gi jbs

Output: BH%J and Hi’jJr%

TRK (RK
Fiil "Gi j+4°
7.J e

1

1 Compute U; ; and Di. ; at initial time, and define two small parameters {e,, €,}, namely,
2 €, = min{min{p; ;}, 1013y, €, = min{min{p; ;}, 10713},i=0,...,N.,j=0,..., N,.
i,j i,j

3
4

wm

10

11
12

13
14

15

21

22

23

24
25

26
27
28
29

fori=0,...,N,, j=0,...,
- fi—%,j) - )‘)'(gi,ﬂ—% _g.j—%)’

L U, =U,— ’\x(fu% j

Ny, do

pij=pUi)) = —DE; - %(m%j + A7 )/ bij)-
Step I. Maintain the positive density.

fori =0,...,N,, j=0,...,N,, do
Let gm(la ]» 1A- 4) (A LI ;> A/é’[i,]w Agali.j’ Azali,j) = (1, 1, 1, 1) and Is(l : 4) =0.
f) = /\x(f,.’i i f." S
_ Ap P
f@) =27, f,+ ol
f(3) = )Ly(é/;{oA_l - gA ‘_l)’
L,j=7 L,j=7
_ AP _oP
f4) = Ay(gl.#% giﬁ%).
fork=1,...,4, do
| If f(k) <0, then let I (k) = 1.
fs=LD) - f()+L2)- fQ)+ LB)- fB)+ L(4) - f(4).
fork=1,...,4, do
L If £(k) = 1. then let g,(i. j. k) = min(L=%L 1),

gm(l 5D =gnG j. 1)-
gm(lv .]3 2) - gm(la J’2)

gm(s j. 4) = gm(i, j. 4) -

&=h&@$®@? — &
_ .. ~RK N
f4 - k4gm(la J» 4)(Gi,j+* gl Jj+

Ui =U;; — Al — £1) — Ay (s — £3).
Flnd r(kl,kz, k3, k4), such that p"‘“’ = p(ﬁ’.‘e.w) >¢€,>0.

gm(iv j’ 3) = gm(i’ j’ 3) :

Step II. Maintain the positive pressure.
fori =0,...,N,, j=0,...,
r©0:1,0:1,0:1,0: 1) =1.
for k], kz, k3, k4 = 0, 1, do

Ny, do

fi = kignG j. DES, =) ),
_ .. AV ERK 2
f, = kagm (i, J, 2)(Fi+ —f )

i

1)
2
1)

min{l,r(1,0:1,0: 1 0: 1)},
min{l,r(O:l,l,O 1,0: 1)},
min{l,7(0:1,0:1,1,0: 1)},
min{l,7(0:1,0:1,0:1, 1)}

Step III. Take the limiting parameter as 6, W= =min{g, (i + 1, j, 1), gn(, j, 2)},
0, j+1 = min{gyu (i, j + 1.3), gn(i, j, H}-
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2. After obtaining B*1-%2:k53:k4) for ky ks, k3, k4 € {0, 1}, we let

AL,Ij L= min B(l,kZ,k3»k4)’ AR,I,‘ = min B(kl,l,k3,k4)’
! ka k3. ke €10, 1} K ki.k3,ks4€(0,1}

Ap ;= min Bk Lky) Ay = min plrkads )
JJ ky,kp,kq€{0,1} J Ky g k3 €{0,1)

The four parameters define the largest tesseract within four-dimensional polyhedra formed by the
vertices of {B*1k2k3:k8) « ko ks, ky € {0, 1}).

Apg.,.,.}and 6

IH—I,_/ min {AU,I

e Step III. Finally the local parameters are taken as 6, 1= min{Ag s T

i L+t =
Ap

ek

The above procedure can ensure the PP property of density and pressure, but it is a sufficient procedure, so the
PP limiters might be activated even without negative density and pressure. For preserving high order accuracy, it
relies on numerical verification [35]. The simplified implementations of the 2D PP limiters are given in Algorithm
A.l.

References

[1] Z. Xu, X. Zhang, Bound-preserving high-order schemes, in: Handbook of Numerical Analysis, Vol. 18, 2017, pp. 81-102.

[2] G.-S. Jiang, C.-W. Shu, Efficient implementation of weighted ENO schemes, J. Comput. Phys. 126 (1) (1996) 202-228.

[3] R. Borges, M. Carmona, B. Costa, W.S. Don, An improved weighted essentially non-oscillatory scheme for hyperbolic conservation
laws, J. Comput. Phys. 227 (6) (2008) 3191-3211.

[4] M. Castro, B. Costa, W.S. Don, High order weighted essentially non-oscillatory WENO-Z schemes for hyperbolic conservation laws,
J. Comput. Phys. 230 (5) (2011) 1766-1792.

[5] J. Zhu, J. Qiu, A new fifth order finite difference WENO scheme for solving hyperbolic conservation laws, J. Comput. Phys. 318
(2016) 110-121.

[6] J. Zhu, C.-W. Shu, A new type of multi-resolution WENO schemes with increasingly higher order of accuracy, J. Comput. Phys. 375
(2018) 659-683.

[7] X.-D. Liu, S. Osher, T. Chan, Weighted essentially non-oscillatory schemes, J. Comput. Phys. 115 (1) (1994) 200-212.

[8] C. Hu, C.-W. Shu, Weighted essentially non-oscillatory schemes on triangular meshes, J. Comput. Phys. 150 (1) (1999) 97-127.

[9] J. Shi, C. Hu, C.-W. Shu, A technique of treating negative weights in WENO schemes, J. Comput. Phys. 175 (1) (2002) 108-127.

[10] Y.-T. Zhang, C.-W. Shu, Third order WENO scheme on three dimensional tetrahedral meshes, Commun. Comput. Phys. 5 (2-4) (2009)
836-848.

[11] J. Zhu, C.-W. Shu, A new type of multi-resolution WENO schemes with increasingly higher order of accuracy on triangular meshes,
J. Comput. Phys. 392 (2019) 19-33.

[12] B. Cockburn, C.W. Shu, TVB Runge-Kutta local projection discontinuous Galerkin finite element method for conservation laws. II.
General framework, Math. Comp. 52 (186) (1989) 411.

[13] B. Cockburn, S.-Y. Lin, C.-W. Shu, TVB Runge-Kutta local projection discontinuous Galerkin finite element method for conservation
laws III: one-dimensional systems, J. Comput. Phys. 84 (1) (1989) 90-113.

[14] B. Cockburn, S. Hou, C.-W. Shu, The Runge-Kutta local projection discontinuous Galerkin finite element method for conservation
laws. IV. The multidimensional case, Math. Comp. 54 (190) (1990) 545-581.

[15] B. Cockburn, C.-W. Shu, The Runge-Kutta local projection-discontinuous-Galerkin finite element method for scalar conservation laws,
ESAIM Math. Model. Numer. Anal. 25 (3) (1991) 337-361.

[16] B. Cockburn, C.-W. Shu, The Runge-Kutta discontinuous Galerkin method for conservation laws V: multidimensional systems, J.
Comput. Phys. 141 (2) (1998) 199-224.

[17] J. Qiu, C.-W. Shu, Hermite WENO schemes and their application as limiters for Runge-Kutta discontinuous Galerkin method:
one-dimensional case, J. Comput. Phys. 193 (1) (2004) 115-135, http://dx.doi.org/10.1016/j.jcp.2003.07.026, URL.

[18] J. Qiu, C.-W. Shu, Hermite WENO schemes and their application as limiters for Runge-Kutta discontinuous Galerkin method II: Two
dimensional case, Comput. & Fluids 34 (6) (2005) 642—663, http://dx.doi.org/10.1016/j.compfluid.2004.05.005.

[19] J. Zhu, J. Qiu, A class of the fourth order finite volume Hermite weighted essentially non-oscillatory schemes, Sci. China Ser. A
Math. 51 (8) (2008) 1549-1560, http://dx.doi.org/10.1007/s11425-008-0105-0.

[20] G. Capdeville, A Hermite upwind WENO scheme for solving hyperbolic conservation laws, J. Comput. Phys. 227 (4) (2008) 2430-2454.

[21] H. Liu, J. Qiu, Finite difference Hermite WENO schemes for hyperbolic conservation laws, J. Sci. Comput. 63 (2) (2015) 548-572,
http://dx.doi.org/10.1007/s10915-014-9905-2, URL.

[22] X.Y. Hu, N. Adams, C.-W. Shu, Positivity-preserving method for high-order conservative schemes solving compressible Euler equations,
J. Comput. Phys. 242 (2013) 169-180, http://dx.doi.org/10.1016/j.jcp.2013.01.024.

[23] X. Zhang, C.-W. Shu, On positivity-preserving high order discontinuous Galerkin schemes for compressible Euler equations on
rectangular meshes, J. Comput. Phys. 229 (23) (2010) 8918-8934, http://dx.doi.org/10.1016/j.jcp.2010.08.016.

[24] X. Cai, X. Zhang, J. Qiu, Positivity-preserving high order finite volume HWENO schemes for compressible Euler equations, J. Sci.
Comput. 68 (2) (2016) 464-483.

26


http://refhub.elsevier.com/S0045-7825(23)00201-3/sb1
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb2
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb3
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb3
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb3
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb4
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb4
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb4
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb5
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb5
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb5
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb6
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb6
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb6
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb7
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb8
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb9
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb10
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb10
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb10
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb11
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb11
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb11
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb12
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb12
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb12
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb13
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb13
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb13
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb14
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb14
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb14
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb15
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb15
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb15
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb16
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb16
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb16
http://dx.doi.org/10.1016/j.jcp.2003.07.026
http://dx.doi.org/10.1016/j.compfluid.2004.05.005
http://dx.doi.org/10.1007/s11425-008-0105-0
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb20
http://dx.doi.org/10.1007/s10915-014-9905-2
http://dx.doi.org/10.1016/j.jcp.2013.01.024
http://dx.doi.org/10.1016/j.jcp.2010.08.016
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb24
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb24
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb24

C. Fan, Z. Zhao, T. Xiong et al. Computer Methods in Applied Mechanics and Engineering 412 (2023) 116077

[25]

[26]
(271

(28]
[29]

(30]

(311
[32]

[33]

(34]
(351
[36]
(371
[38]
(391
[40]
[41]
[42]
[43]
[44]
[45]
[46]

(471
[48]

Z. Tao, F. Li, J. Qiu, High-order central Hermite WENO schemes on staggered meshes for hyperbolic conservation laws, J. Comput.
Phys. 281 (2015) 148-176, http://dx.doi.org/10.1016/j.jcp.2014.10.027.

Y.H. Zahran, A.H. Abdalla, Seventh order Hermite WENO scheme for hyperbolic conservation laws, Comput. & Fluids (2016) 66-80.
Z. Ma, S.-P. Wu, HWENO schemes based on compact difference for hyperbolic conservation laws, J. Sci. Comput. 76 (2) (2018)
1301-1325.

Z. Zhao, Y. Chen, J. Qiu, A hybrid Hermite WENO scheme for hyperbolic conservation laws, J. Comput. Phys. 405 (2020) 109175.
7. Zhao, Y.-T. Zhang, J. Qiu, A modified fifth order finite difference Hermite WENO scheme for hyperbolic conservation laws, J. Sci.
Comput. 85 (2) (2020) 1-22.

1. Wibisono, Yanuar, E.A. Kosasih, Fifth-order Hermite targeted essentially non-oscillatory schemes for hyperbolic conservation laws,
J. Sci. Comput. 87 (3) (2021) 1-23.

J. Li, C.-W. Shu, J. Qiu, Multi-resolution HWENO schemes for hyperbolic conservation laws, J. Comput. Phys. 446 (2021) 110653.
M. Zhang, Z. Zhao, A fifth-order finite difference HWENO scheme combined with limiter for hyperbolic conservation laws, J. Comput.
Phys. 472 (2023) 111676.

C. Fan, X. Zhang, J. Qiu, Positivity-preserving high order finite volume hybrid Hermite WENO scheme for compressible Navier-Stokes
equations, J. Comput. Phys. 445 (2021) 110596, http://dx.doi.org/10.1016/j.jcp.2021.110596, URL https://www.sciencedirect.com/science/
article/pii/S0021999121004915.

X. Zhang, On positivity-preserving high order discontinuous Galerkin schemes for compressible Navier-Stokes equations, J. Comput.
Phys. 328 (2017) 301-343.

T. Xiong, J.-M. Qiu, Z. Xu, Parametrized positivity preserving flux limiters for the high order finite difference WENO scheme solving
compressible Euler equations, J. Sci. Comput. 67 (3) (2016) 1066—-1088.

X. Zhang, C.-W. Shu, Positivity-preserving high order finite difference WENO schemes for compressible Euler equations, J. Comput.
Phys. 231 (5) (2012) 2245-2258, http://dx.doi.org/10.1016/j.jcp.2011.11.020.

L.I. Sedov, Similarity and Dimensional Methods in Mechanics, Academic Press, New York, 1959.

V.P. Korobeinikov, Problems of Point Blast Theory, American Institute of Physics, College Park, 1991.

T. Linde, P. Roe, Robust Euler codes, AIAA paper-97-2098, in: 13th Computational Fluid Dynamics Conference, Snowmass Village,
CO, 1997.

Y. Ha, C.L. Gardner, A. Gelb, C.-W. Shu, Numerical simulation of high Mach number astrophysical jets with radiative cooling, J. Sci.
Comput. 24 (1) (2005) 29-44.

Y. Ha, C.L. Gardner, Positive scheme numerical simulation of high Mach number astrophysical jets, J. Sci. Comput. 34 (3) (2008)
247-259.

C.L. Gardner, S.J. Dwyer, Numerical simulation of the XZ Tauri supersonic astrophysical jet, Acta Math. Sci. 29 (6) (2009) 1677-1683.
C. Fan, X. Zhang, J. Qiu, Positivity-preserving high order finite difference WENO schemes for compressible Navier-Stokes equations,
J. Comput. Phys. 467 (2022) 111446, http://dx.doi.org/10.1016/j.jcp.2022.111446, URL https://www.sciencedirect.com/science/article/
pii/S0021999122005083.

J. Shi, Y.-T. Zhang, C.-W. Shu, Resolution of high order WENO schemes for complicated flow structures, J. Comput. Phys. 186 (2)
(2003) 690-696.

Y.-T. Zhang, J. Shi, C.-W. Shu, Y. Zhou, Numerical viscosity and resolution of high-order weighted essentially nonoscillatory schemes
for compressible flows with high Reynolds numbers, Phys. Rev. E 68 (4) (2003) 046709.

Z. Wang, J. Zhu, C. Wang, N. Zhao, An efficient hybrid multi-resolution WCNS scheme for solving compressible flows, J. Comput.
Phys. 477 (2023) 111877.

S. Pirozzoli, On the spectral properties of shock-capturing schemes, J. Comput. Phys. 219 (2) (2006) 489—497.

T. Xiong, J.-M. Qiu, Z. Xu, A parametrized maximum principle preserving flux limiter for finite difference RK-WENO schemes with
applications in incompressible flows, J. Comput. Phys. 252 (2013) 310-331.

27


http://dx.doi.org/10.1016/j.jcp.2014.10.027
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb26
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb27
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb27
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb27
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb28
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb29
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb29
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb29
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb30
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb30
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb30
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb31
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb32
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb32
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb32
http://dx.doi.org/10.1016/j.jcp.2021.110596
https://www.sciencedirect.com/science/article/pii/S0021999121004915
https://www.sciencedirect.com/science/article/pii/S0021999121004915
https://www.sciencedirect.com/science/article/pii/S0021999121004915
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb34
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb34
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb34
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb35
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb35
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb35
http://dx.doi.org/10.1016/j.jcp.2011.11.020
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb37
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb38
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb39
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb39
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb39
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb40
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb40
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb40
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb41
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb41
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb41
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb42
http://dx.doi.org/10.1016/j.jcp.2022.111446
https://www.sciencedirect.com/science/article/pii/S0021999122005083
https://www.sciencedirect.com/science/article/pii/S0021999122005083
https://www.sciencedirect.com/science/article/pii/S0021999122005083
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb44
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb44
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb44
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb45
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb45
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb45
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb46
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb46
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb46
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb47
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb48
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb48
http://refhub.elsevier.com/S0045-7825(23)00201-3/sb48

	A robust fifth order finite difference Hermite WENO scheme for compressible Euler equations
	Introduction
	Robust HWENO scheme
	HWENO-R reconstructions in one dimension
	Runge–Kutta time discretizations
	HWENO-R reconstructions in two dimensions
	Algorithms of HWENO-R scheme

	Numerical tests
	Concluding remarks
	Declaration of Competing Interest
	Data availability
	Appendix
	References


