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The main idea in the construction of the new scheme consists of three parts. Firstly,
different from the original EHGKS, the non-oscillatory kinetic (NOK) flux is introduced to

Iéiiﬁg;f{ic scheme compute the leading term and the related flux evaluations, which enables the modified
Multi-component flow EHGKS suitable for stiffened gases, together with no pressure and velocity oscillations
One-stage method across the contact discontinuities. Then the modified scheme is utilized to discrete the
High-order accuracy conservative parts of the 4-equations model. Secondly, in order to avoid the oscillations
Interface-sharpening technique across material interfaces, a high-order GKS is derived to solve the non-conservative parts

of the 4-equations model following the idea of Abgrall [1]. Finally, to further reduce
the over diffusion near a material interface, a simple interface-sharpening technique is
developed, which combines the idea of interface construction and downwind scheme. The
numerical results demonstrate that the proposed scheme can not only achieve the designed
uniform accuracy in both space and time, but also sharply capture material interfaces.

© 2023 Elsevier Inc. All rights reserved.

1. Introduction

In the past decades, numerical simulations for the compressible immiscible multi-component flows have attracted much
attention. The diffuse interface method (DIM), which presents numerically diffused zones at a material interface, provides
an efficient and robust framework [53,1,57] in this issue. Since the interface is considered as an artificial mixture zone, DIM
is naturally suitable for large interface deformations and topological changes. However, particular attention must be paid
since a DIM always introduces over diffusion near the material interface. Even worse, it will definitely fail to identify the
material interface in the long time simulation [23,40]. Therefore, high-order and high-resolution schemes are required [53].

The high-order schemes, including the weighted essentially non-oscillatory (WENO) method [27,28,50], the discontinuous
Galerkin (DG) method [52,8,18,24] and the spectral volume (SV) scheme [38], have been extended to solve compressible
multi-component flows. Actually, these schemes can achieve arbitrary high order of accuracy in space. And considering the
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simplicity and easy implementation, they are often coupled with a multi-stage method for time evolution [18,38,12,55].
However, to achieve uniform arbitrary high order of accuracy in both space and time, it is recommended to use the one-
stage methods such as the arbitrary derivative in space and time method (ADER) [65,15,16] and the high-order GKS (HGKS)
[33,37,34].

ADER is a one-step and fully discrete Godunov approach. The predecessor of ADER is the generalized Riemann problem
(GRP) solver, which solves the generalized Riemann problem with piecewise smooth initial data [3,30,6]. However, it's too
sophisticated to design a higher than third-order GRP [30]. By introducing a linearization technique, ADER can achieve
arbitrary high order of accuracy both in space and time in implement.

Instead of solving the traditional Riemann problem, the flux evaluation of HGKS initiates from the integral solution of
the Bhatnagar-Gross-Krook (BGK) equation [68,69,54]. This mechanism renders HGKS as an accurate and robust solver for
compressible flows [33,37,42,48,26]. Based on the Taylor expansion of the integral solution, the one-stage third-order and
fourth-order HGKS methods have been developed in [33,41,37]. However, it will be very complex and time-consuming for
a higher-order HGKS proposed by employing the higher-order Taylor expansion [34]. To overcome this difficulty, EHGKS is
developed as an efficient and easy-implement one-stage gas-kinetic method to solve the Euler equations [34]. It can achieve
arbitrary high order of accuracy in both space and time [34,35].

The extensions of GKS to multi-component flows include [31,32,36,38,44,47,67]. Some of them introduce spurious os-
cillations in the vicinity of material interfaces [47]. This drawback was induced by the two factors: firstly, the GKS flux
solver inherently induces the spurious velocity and pressure oscillations in the vicinity of the contact discontinuity [9,10];
secondly, it also produces spurious oscillations to solve any conservative version of the additional equation to identify dif-
ferent components [1,10]. The modified KFVS (MKFVS) and NOK give a remedy for the first difficulty [9,10]. Then, following
the idea of Abgrall's quasi-conservative method, a series of oscillation-free GKS are proposed for multi-component flows
[10,38,40,39,2]. However, the schemes MKFVS and NOK are the first-order flux solver only. To the authors’ best knowledge,
all these schemes use the multi-stage method in time [10,38,40,39], which will definitely encounter the accuracy barrier
[65,15,16]. In this paper, by coupling with NOK, EHGKS is extended to solve multi-component flows, which can not only
achieve arbitrary high order of accuracy in both space and time, but also be oscillation-free for multi-component stiffened
gases.

In the DIM framework, high-order schemes can significantly reduce the over diffusion of a material interface. But it's
impossible to obtain a sharp interface without introducing an interface-sharpening technique. The traditional approaches in-
clude the level-set methods [17,14,46], the front tracking methods [62] and the volume of fraction or volume of fluid (VOF)
methods [58-60,29,66,49,51,4,25]. These methods are either no-conservative, or somewhat complex because they have to
introduce complex front tracking [62]/geometrical reconstruction computations [4,5,7,58] or additional interface compres-
sion/anti-diffusion source terms [64,53]. The algebraic type VOF methods evidently simplify the computational complexity
and have attracted more practical interest in the recent years [59,13,61,11,70,22]. One of the most popular algebraic type
VOF methods is THINC (tangent hyperbola for interface capturing), based on the use of hyperbolic tangent functions to
approximate solutions with jump [59]. The drawback of THINC lies in the reconstruction of the multi-dimensional interface
function, which can not be computed analytically. In this paper, to reduce the computational complexity, we develop, in
addition, a novel simple interface-sharpening technique, by combining the idea of SLIC (simple line interface construction)
[45], the ancestral VOF method and the downwind scheme.

This paper is organized as follows. Firstly, both EHGKS and NOK are briefly reviewed in Section 2. In Section 3, the
construction of the new scheme is presented. Numerical examples are presented in Section 4 to validate the accuracy and
resolution of the new scheme. A conclusion is made in the last section.

2. Review
2.1. EHGKS

EHGKS provides an efficient high-order flux solver for the Euler equations [34]. The one-dimensional Euler equations can
be written as

oW n oF 1)
a - ax
Here W = (p, pU, pE) and F= (pU, pU? + p, pEU + pU). p, U, p are the density, velocity and pressure, respectively. pE
is the total energy. pe is the internal energy and E = %UZ + e. For an ideal gas, p = (y — 1) pe. y is the specific heat ratio.
Under the finite volume framework, assume the space domain is discretized into N cells. The cell over [xi_%,xi+%] is
indexed as i. The cell size is Ax = xi+% — xif%. The time domain is discretized into 0, At?, ..., t", "1 =" + At", . ... Here
we take At™ by At for simplicity. t" = 0 is adopted without loss of generality. The cell average of the variable W(x, t) over
the i-th cell at time t" is recorded as W?. Under the one-step fully discrete method, the cell averages of the conservative

variables are updated by
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GKS uses the integral solution of the BGK equation to evaluate F, +1 (t) [69]. EHGKS provides a simplification and modi-
fication on the integral solution for an efficient flux evaluation with arbitrary high order of accuracy, which is [34]

_At\ e _ Atk
Fi+%(t):(1—e r)F(t)~|—e TF(). (3)
Fe(t) is the term to guarantee EHGKS with arbitrary (r + 1)-th order of accuracy in smooth regions, which contains the

leading term and high-order terms [34]:

r

fl alIFe
F)=F"+)
=1

— 4
noatt’ “)

where ¢ = (,oU, pU2 +p, pEU +pU)e. The variables in ¢ are determined by W€ = (p, pU, pE)¢, where W¢ = We+ +
We~ and [69,34]

<u1>i=U. li<u°>i:|:—7. (5)

Here A = %. Wi+1i =(p, pU, pE)Hl + are the point-wise values after the reconstruction over the i-th and (i + 1)-th cell.
2 2

See Appendix A for more details on the reconstruction. To obtain the temporal derivatives in Eq. (4), the state-of-art Lax-
Wendroff procedure [21,63] is introduced in EHGKS. It is implemented based on the primary variables for simplicity [34].
F¥(t) in Eq. (3) is the low-order KFVS flux solver [34]. The first-order KFVS solver is [69,9]

FX(t) = FX, (6)

where F¥ = Fk+ + F¥= and

P 0
FkE = () | pU +{u)= [ . (7)
pE+%p i+%i %pU i+%i

The weight between F(t) and FX(¢) is related to 7 [69]:

pi+l+ —p
T=CiAt+ Cy 2
i+%++pi+{

‘Jrli
—2| At 8)
where C; and C; are two constant parameters; C; < 1 and C; ~ O (1) [34,26]. In a smooth region where 7 < At, Fi+% (t)y =

Fé(t) to obtain high accuracy. Near the discontinuities, F; +1 (t) approaches to F¥(t) for the robustness.

2.2. The 4-equations model and NOK

The 4-equations model is based on the extended Euler equations, such as with the equation of a mass fraction (Y)
[1,10,38]:

aY aUyY oU

— 4 —=Y—.

at ax ax

The scheme for the equation of Y can be written by [1,10]

(9)
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1 At At
oh+1l  on
Yi —Y,' - A_X /Fyi+% (t)dt_/FYI,% (t)dt
0 0
1 At At
N
+Yi nyH% (t)dt—/ini% ©dt |, (10)
0 0

where Fy =UY and Uy = U. The flux and source evaluations are [10,38]

At

— e _AL
Fr,, ©0=(1-eF) KO +e FF.
+2
_At e _At g
Uy,., (t):(l—e r)UY(t)—i-e = Uk ). (11)
To avoid the velocity and pressure oscillations in the vicinity of the contact discontinuity, NOK provides a modification on
the original first-order GKS by [9,10,40,38]

FE (t) — IFe’NOK

)e.NOK

where F&NK = (pU, pU? + p, pEU + pU . The variables in IF&NOK are determined by Q&NOK = (p, U, p)©NOK where

QENOK — Qe+NOK | Qe—NOK anq [10]

+.NoK [ P 0

QUENOK = () 0 + N 1 : (13)

D i+%i 0 i+%i
where (uo)i’NOK and <u1)i‘NOK have the same expressions as Eq. (5) with 4, ,+ replaced by [10]
2
1 1
ANOK —min{ —— —— 1,
i+ 2 2
2 [
TJrj IJr?

with ¢ being the speed of sound. For a stiffened gas, p = (y —1) pe — ¥ poo and c = ‘/% [56]. F¥NOK has the same

expression as Eq. (6) with (uo>i and (u1)i replaced by (uo)i’NOK and (ul)i’NOK respectively [10]. To solve the equation of
the mass fraction, NOK follows the idea of Abgrall’s 4-equations model [1] to guarantee oscillation-free across the material
interface, which is [10]

F¢ (t) _ IFE,NOK _ Ue,NOKYe,NOK
Y Y - s

k sy _ mk,NOK _ 7 1\+,NOK
Fy@) =Fy" " =(u') YH_%+

Ui(t) _ Ue,NOl( — yeNOK
=Uy = ,

Ul; (t) — U\’;,NOK — <u])+,NOK + <u])7,NOK ’ (14)

where Y&NOK — (uo)Jr’NoK 1+t <u°)7’NOK Y, 1-. In multi-component flows, y and po of the mixture are given by [1,56]
2 2
! = ! Y ! 1-Y
-1y Tymo
(1) (D) (2) ()
Vpoo=7/ pooy+y Poo a-vyy, (15)
y_] J/(])_l y(z)_]

where Y =1 denotes the first component, which is notated as (1); Y =0 denotes the second component, which is notated
as (2).

Remark 1. EHGKS can achieve arbitrary high order of accuracy in both space and time, but is applicable only for a single
ideal gas [34]. NOK is a modification of GKS to avoid the velocity and pressure oscillations in the vicinity of the contact
discontinuity [9,10]. Based on Abgrall's 4-equations model, it’s straight-forward to extend NOK for multi-component flows
with no spurious pressure oscillations across the material interface [10,38,40]. However, NOK provides only a first-order flux
solver. The existing schemes using the NOK flux solver are built under the multi-stage framework to obtain high order of
temporal accuracy [38,40,39].
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3. MEHGKS: EHGKS for multi-component stiffened gases

In this section, EHGKS is extended for the 4-equations model of compressible multi-component stiffened gases.
A straight-forward way to preserve high order of accuracy in smooth regions and without spurious velocity and pressure
oscillations across a material interface is to replace F¢ by F¢-NOK and F* by FKNOK To further reduce the over diffusion
near the material interface, a simple interface-sharpening technique is also proposed, which combines the idea of VOF-SLIC
[45] and a downwind scheme. These two methods are illustrated in the following respectively.

3.1. MEHGKS for multi-component flows with uniform high order of accuracy in both space and time

This part introduces a combination of EHGKS and NOK with careful treatment, firstly to avoid the spurious velocity and
pressure oscillations across a material interface, and secondly to achieve high order of accuracy in both space and time in
smooth regions.

The flux and source evaluations are based on Egs. (3) and (11). To avoid the spurious velocity and pressure oscillations
across the contact discontinuity, it's possible to give

r | qlmre,NOK
¢l olme.
e i\ _ ok NOK v
F(t)=F +Z” o
=1

Fk(t) =]Fk,NOK. (16)

)

The high-order terms are included in Fé(t) to achieve high accuracy in the smooth regions of a pure material. The leading
term FXNOK works near the discontinuity to provide the robustness. According to the idea in [1], to avoid the spurious
velocity and pressure oscillations across a material interface, the following condition should be satisfied: assuming that the
velocity and pressure are constant at the n-th time step, i.e.,

U} = Uo.

Pt = Do, (17)
fori=1,2,---, N, then they should keep constant at the next time step:

o = vy,

7+ = po. (18)

To simplify the notations, we introduce VQ = Qi+% - Q,;% Q can be any quantity. The traditional WENO method is

implemented based on the primary variables for reconstruction, which can be referred in Appendix A. The reconstruction
then gives U, ;+ =Ug and p, ;= = po. <u0>i'N0K and <u1)i’NOK thus have the following properties [38]:
2 2

+NOK — NOK
<u0> + <u°> =1,

(u]>+,NOK + <u1>—,NOK _ Uo, (_19)

. . . . . —n+1
T is then 7 = Cj At. After some algebraic simplifications on Eqgs. (2) and (10), p? is updated by

At 1\ w— At glvpeNoK

—n+1 —n k,NOK

=" — | VF(D* Upll—e @ —0 ] 20
pit =i AX( (1)}NOK 1 0( )gam! o (20)

,OU?_H is updated by
r I alg ,e.NOK

—n+1 —n UOAt k.NOK _1 At a V,O ’

U, =piUp— VEF (1) Upll—e @ E ], 21
pPU; pl 0 Ax ( ) + Up £ (l+ 1)' 8tl ( )

and ﬁ?“ is updated by

(22)

— —n At 1\ <~ At dlv (pe,NOKEe,NOK)
o 2 [(yR )Nk Lo (1 e .
PLE; PE; Ax 3) + Uo e ; (l 1) Py

After substituting Eq. (20) to Eq. (21), we can get obviously
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—n+1
i ot = o
After substituting Eq. (20) and Eq. (15) into Eq. (22), the condition ﬁ?“ = po is preserved by
r I alyye,NOK
—n+1 —n At k.NOK _1 At 'vY®
Y. =Y, —— | VFy Up(l1—e @ _— . 23
1 ' Ax( vt °< )l;(lﬂ)! atl (23)

The details of the derivation can be referred in Appendix B. If we take the same expressions as Eq. (11), this condition is
also satisfied by the following flux and source evaluations:

r tl 81F$’NOK

e /¢y _ Tk.NOK
FS(t) =Ty +ZE781“’
=1

’

k,NO
F¥(t) = N,

r ] qly7e,NOK
e 4y _ 17kNOK t9Uy
U (t) = Up X + ; i ad

)

Uk (t) = UENK, (24)

The Lax-Wendroff procedure to obtain the temporal derivatives is replaced by:
| ,NOK ,NOK
M (9 Q) 1 AGNOK 3 (QY _o
axmat! \ at 'Y ax \ Y ’

A= (25)

Here m+1=0,1,---,r—1.
As a summary, Egs. (16) and (24) provide the flux and source evaluations of the currently constructed scheme, which is
called MEHGKS in this work.

Remark 2. MEHGKS is applicable for stiffened gases, with uniform high order of accuracy in both space and time in smooth
regions of a pure material. To simulate multi-component flows, MEHGKS can avoid the spurious velocity and pressure
oscillations across material interfaces. However, MEHGKS, as a DIM, presents over diffusion of material interfaces. An
interface-sharpening technique is developed in the following to preserve MEHGKS with high resolution on material in-
terfaces.

3.2. MEHGKS for multi-component flows with high resolution on material interfaces

In this part, a simple and effective interface-sharpening technique is developed under the framework of MEHGKS. The
new technique takes the advantages of both the traditional VOF method, which possesses high resolution but introduces
complex geometric intersection operations [45,58], and the downwind method, which is simple but unstable if without re-
strictions. In the new method, SLIC [45] is firstly used to track the movement of a material interface. Tracking the movement
takes only simple geometric calculations, without the complex intersection operations in the complete VOF method [45,58].
Based on the movement of the material interface, a novel restriction is then given on the downwind scheme to preserve
the robustness. The details are given in the following.

(1). Track the movement of a material interface.
We use the condition (Y] — Y, )(Yi_; —Y;) > 0 to indicate the existence of a material interface within the i-th
cell. According to the idea of SLIC [45], a jump in mass fraction is assumed in this cell to divide the two components,
which locates at

n  —n
n Yi = Yig
Xiy=X_1+ 5 Ax.
: 2y Y
i—1 i+1

By evaluating with first-order of accuracy, the material interface moves at a speed of U? from t" to t"*1. The location
of the jump at t"*1 is then
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vl Eval

Y.
x}”§1=xi_l+_,,’—mAx+U At.
2 Y4 —Yig

Similarly, if the jump is evaluated by density, the location of the jump at t"*! will be

X1l —x +MAX+U At.

b T Pi—1— Pit1
(2). Reconstruct the point-wise density and mass fraction.
After the WENO reconstruction in MEHGKS, the point-wise density and mass fraction are modified if the updated
jump remains in the i-th cell. That is, if x"+l and x"+l are below Xip1s the point-wise density and mass fraction are
modified by the cell averages in the (i + 1)- th cell, i.e.,

—n
('3) 17:(%}'#1), ifo;1<x+1andx”J}C]<xl+ (26)
ity i+1
if x"“ and x”+1 are above Xi 1, the point-wise density and mass fraction are modified by the (i — 1)-th cell averages,
ie,
o"
o =), 1fx"“ > X;_1 and x”“ >X_1. (27)
Y i %‘F Yi—l L)

The above reconstruction acts only near material interfaces where |7?+1 - 7',-1| >e€ or |7?,1 - 7',-1| > €. If else, it remains to
the former MEHGKS. Following the idea in [22], only the density and mass fraction, which vary across a material interface,
are modified. It should be mentioned that the present method results in an unstable downwind scheme if without the re-
strictions in Egs. (26)-(27). The novel restriction is given based on the movement of an evaluated material interface in order
to preserve the robustness. The new method thus possesses: (1) stability under the restrictions; (2) high resolution near
material interfaces which is initiated from both VOF and the downwind scheme; (3) simplicity compared to the traditional
VOF method.

To enhance the robustness of the method with the new interface-sharpening technique, the leading terms in the original
flux and source evaluations of MEHGKS are replaced by

F(t) = (1 _ e—%) FRNOK | o= 2% &

Fho = (1- e ® ) EEN o 7y,

U’;(t)z(l—e—A—*)U"NOK fe Ty, (28)
where
7 _ l+sign(U)y_+ 1 —sign(U)gﬂ_’
2 2
1+ sign(U 1 — sign(U
%(:Jr;;()_jfyur g()gz;r’
1+signU) _  1—signU
PRLL PSR ()P 29)
2 2
and
(P 0
=0 pU +[7_ .
pE i+%i pU
ﬁi UY L1E
2
wF=U. (30)

ZF, Fy and %y are given by a simple splitting technique. The velocity U and pressure p are evaluated by the acoustic
impedance and inverse interpolation respectively with artificial viscosity [43]:

7
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5 (PCU)H_%— N (PCU)- 1+ —At i+%+_pi+%_’
(PO, 1-+<pc)i+%+ (PO, 1- + (PO, Py FPiyr

N (/)C) H_1+ (PC)I»_,,_lJrPH_r

P= oy, +(pc>,+1+ POy + PO,y

s 0,Ui+%+—Ui+%720

2 .
0.3 x (’Oi+%++pi+%7) (Ui+%+ _Ul'-'r%i) ,Ui+l+ _UH‘%7 <0

The resultant scheme, called MEHGKS-IS, utilizes the new reconstruction, flux and source solvers which act only near a
material interface. It remains to the original MEHGKS elsewhere. The weight in the new solver is related to t*:

T —C3‘Y ,H’At (31)
C3 is a constant.

Remark 3. To simulate immiscible multi-component flows, MEHGKS-IS is developed to preserve not only high order of
accuracy in both space and time in smooth regions of a pure material, but also high resolution near material interfaces.

3.3. The two-dimensional case

In this section, MEHGKS and MEHGKS-IS are extended to the two-dimensional case. In the two-dimensional case, the
4-equations model is updated by

At

Wi\ (W G i1, ©
()= () (520 )= (270 )
i,j L] 0 i+5.J

)dt

At

(<

(@)@

ﬁ?f&f((“ o) (0 0)
55 (8, 0) (.

-1 )
Gy, (t)

dt

0
()5

Here W = (p, pU, pV, pE) and F = (pU, pU% + p, pUV, pEU + pU). F,-Jr%’j(t), FYHl ]_(t) and UYHL j(t) have the similar
2 2’

form to Egs. (3) and (11). The high-order terms in the flux and source evaluations are

B,
Fe(t ]Fk NOK ]Fe NOK
)= + § l, 5y

1
ad a
FE () = FANOK gyl FeNOK_
)= + E l' +yay %

l
(t) k N0K+2” < 7 +y ) Us,NOK' (33)

The Lax-Wendroff procedure to obtain the temporal derivatives reads as

NOK ,NOK ,NOK
gmtita 3 (Q\° enok 9 (Q)° enok O (Q ¢ _
+A . +B =0,
axmaylara \ ot \ 'Y ax\Y ay Y

8
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0 Vv 0 0

0 0 0 0

0 |.B=]|0 1/p 0 |. (34)
0 0 vV 0

U 0 0V

Here m+1+q=0,1,---,r — 1. The terms F¥(t), F&(t) and U%(t) are given as follows.

(1). In MEHGKS, they are given by

Fk (t) — IF](,NOK
Fk (l’) — k,NOl(

)

Uk (t) k NOK (35)
(2). In MEHGKS-IS, they are given by
FO=(1-e ) FN% ez,
F© = (1-e ) PN ey,
Uk () = (1 —e*%)U,’;'NOKJre*%%, (36)

where %, %y and % have the same expressions as Eq. (29) with .Z* replaced by

P 0

+_ | U p
7= pV + 0 _
pE Hr%i’j pU

—n —n
Yiivk = Yig jk|s

AYX=%Z

k=-1

AYy —Z Z ’YH-I kst = Vitsjik|-

1=0 k=-2

Gi,j+%(t)' Gyl_.H% (t) and Vyl_.H% (t) take the same form as Fi+%7j(t), FYiJr%_j(t) and UYH%‘;(t) after transformation to the

local normal direction.
4. Numerical tests

The time step At is determined by the CFL condition [34,35]

. AX Ay
At =CFL x min —_, —— (> (38)
{|U|+c |v|+c}

where we take CFL = 0.4 if without specification. C; = 0.05 (Eq. (8)), C2 =5 (Eq. (8)) and C3 =50 (Eq. (31), Eq. (37)) are
adopted in this work [26]. € = 1073 is taken to identify a material interface. The results are not sensitive to €. The details
are given in Appendix C. The numerical results of the r-th-order MEHGKS which is noted as MEHGKS-r, and MEHGKS-IS
which is noted as MEHGKS-r-IS are performed. The reference solution is calculated under refined grids. The calculations are
dimensionless. A number of one-dimensional and two-dimensional benchmark tests are carried out.
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Table 1
Accuracy test for MEHGKS in the one-dimensional advection of density pertur-
bation.
MEHGKS-3
N Ly error Order L, error Order Lo error Order
10 1.57E-02 1.72E-02 2.49E-02
20 2.15E-03 2.87 2.39E-03 2.85 3.54E-03 2.81
40 2.73E-04 2.98 3.05E-04 2.97 4.61E-04 2.94
80 3.43E-05 2.99 3.83E-05 2.99 5.81E-05 2.99
MEHGKS-5
N Ly error Order Ly error Order Lo error Order
10 1.32E-03 1.44E-03 2.13E-03
20 4.39E-05 491 4.88E-05 4.89 7.29E-05 4.87
40 1.39E-06 498 1.55E-06 497 2.35E-06 4.95
80 4.38E-08 4.99 4.88E-08 4.99 7.40E-08 4.99

4.1. The one-dimensional accuracy test

In this case, we assess the accuracy of MEHGKS in the smooth linear advection of density perturbation in a single
stiffened gas [47]. The initial condition is given by

(p,U,p)=(1+0.2sinx,1,1).

¥ =1.4. poo = 1. Under the periodic boundary condition, the analytic solution is

(p,U,p)=(1+4+0.2sin(x—1t),1,1).
The computational domain is [0, 27r] divided by N uniform cells. The output time is 2. To test the accuracy in both space
and time, we take CFL = 0.9 in this case.

The results of the errors and the accuracy order computed by MEHGKS-3 and MEHGKS-5 are shown in Table 1. All the
MEHGKS-r schemes can achieve the designed order of accuracy in both space and time.

4.2. The interface only problem

This case contains an interface propagating at a constant speed to verify MEHGKS with no spurious velocity and pressure
oscillations across a material interface. The initial condition is [56]

] @a,1,1,4,1),x<0.2,
(0, U,p, ¥, Do) = { (0.125.1,1.1.4,0). else.

The computational domain [0, 1]. The output time is 0.12. 100 uniform cells are used in this simulation [56].

Fig. 1 shows the results given by MEHGKS-3, MEHGKS-5 and MEHGKS-5-IS. The velocity and pressure are confirmed to
be oscillation-free across the material interface. It also shows that MEHGKS-5 resolves the interface sharper than MEHGKS-3,
illustrating the advantage of the higher accuracy. MEHGKS-5-IS gives the sharpest interface, and this demonstrates the high
resolution of MEHGKS-5-IS.

4.3. The square wave propagation problem
This case contains a square wave propagating at a constant speed to assess the accuracy and resolution of the scheme
[38,59]. The initial condition is given by

_[(1,1,1,1.4,0), 03 <x<0.7,
(,0» U,pa)/apoo)— { (5,1’1’471), else’

with periodic boundary conditions on both sides of the computational domain [0, 1]. 20, 40 and 80 uniform cells are used.
The output time of 100 periods is taken in this case for long time evolution.

Fig. 2 shows the results given by MEHGKS-3, MEHGKS-5 and MEHGKS-5-IS. They demonstrate the advantage of the high
accuracy and high resolution of MEHGKS-5-IS in capturing a sharp interface. The velocity and pressure are also confirmed
to be oscillation-free across a material interface.

4.4. The gas-helium shock tube problem

The initial conditions are given by [60]

.U y_[(1.0.1.140). x<05.
P-H. P ¥V Poo) =1 (0.125,0,0.1,1.667,0), else.

10
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Fig. 1. p, U and p of the interface only problem with 100 uniform cells at t =0.12.

The computational domain is [0, 1]. The output time t = 0.15. 400 uniform cells are used [60].
Fig. 3 shows the result given by MEHGKS-3, MEHGKS-5 and MEHGKS-5-IS. It confirms the resolution of MEHGKS-5-IS
better than MEHGKS-5, and MEHGKS-5 better than MEHGKS-3.

4.5. The gas-liquid shock tube problems

Three different initial conditions of the gas-liquid shock tube problem are tested. The computational domain is [0, 1]. In
the first case, the initial conditions are given by [56]

(1.241,0,2.753,1.4,0), x < 0.5,
(0.991,0,3.059 x 1074, 5.5,1.505) , else.

The output time ¢t = 0.1. 1000 uniform cells are used. In the second case, the initial conditions are given by [56]
(1,0,1,1.4,0), x < 0.5,
(5,0,1,4,1), 0.5<x<0.6,
(7.093, —0.7288, 10,4, 1), else.
The output time t = 0.2. 1000 uniform cells are used. The third case is a gas-liquid shock tube problem with large pressure
ratio [57,29,38]. It will be very challenging with a strong shock wave while the shock and the material interface are very
close [38]. The initial conditions are given by

(o.U - (10%,0,10%,4.4,6 x 108), x < 0.6,

P- U2 PVsPoo) =1 (50,0,10%,1.4,0), else.

(0, U,p,V,Px0) =

(0, U,p, ¥V, Do) =

11
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Fig. 2. p, U and p of the square wave propagation problem with 20 (left), 40 (middle) and 80 (right) uniform cells at ¢t = 100.

The output time t = 2.4 x 1074, 5000 uniform cells are used.
Fig. 4 shows the results given by MEHGKS-3, MEHGKS-5 and MEHGKS-5-IS, demonstrating the best resolution of
MEHGKS-5-IS.

4.6. The two-dimensional accuracy test

In this case we assess the accuracy of MEHGKS in the two-dimensional smooth linear advection of density perturbation.
The initial conditions are given by
(p,U,V,p)=(1+0.2sin(x+y),0.7,0.3,1).

We take y = 1.4, po, = 1. The corresponding analytic solutions are

(0,U,V,p)=(1+02sin(x+y—1),0.7,0.3,1).

The computational domain is [0, 2] x [0, 277] divided by N x N uniform cells. The output time ¢t = 27. To test the accuracy
in both space and time, CFL = 0.9 in this case.

The results of the errors and the accuracy order given by MEHGKS-3 and MEHGKS-5 are shown in Table 2, from which
we see that the MEHGKS scheme can achieve the designed order of accuracy in both space and time in the two-dimensional
case.

12
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Fig.3. p, U, p and y of the gas-helium shock tube problem with 400 uniform cells at t = 0.15.

4.7. The two-dimensional square wave propagating problem

Here we assess the resolution of MEHGKS in the square wave propagation [59]. The initial conditions are given by

(,o,U,V,p,y,poo)={

(1,1,1,1,14,1), 03 <x<0.7N03 <y < 0.7,
(0.125,1,1,1,1.9,0), else.

13
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Fig. 4. p of the first (top), second (middle) and third (bottom) gas-liquid shock tube problems.

Table 2
Accuracy test for MEHGKS in the two-dimensional advection of density pertur-
bation.
MEHGKS-3
N Ly error Order Ly error Order Loo error Order
10 2.62E-02 2.99E-02 4,09E-02
20 3.98E-03 2.72 4.43E-03 2.76 6.68E-03 2.61
40 5.13E-04 2.96 5.71E-04 2.96 8.79E-04 2.93
80 6.44E-05 2.99 7.18E-05 2.99 1.11E-04 2.99
MEHGKS-5
N Ly error Order Ly error Order Lo error Order
10 2.25E-03 2.55E-03 3.58E-03
20 7.89E-05 4.83 8.77E-05 4.86 1.35E-04 4.73
40 2.52E-06 4.97 2.80E-06 4.97 4.34E-06 4.96
80 7.89E-08 499 8.80E-08 4,99 1.36E-07 4,99
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Fig. 5. The contours of p of the two-dimensional square wave propagating problem with 80 x 80 cells at t = 4.
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Fig. 6. The schlieren-type images of p of the two-dimensional sod problem with 200 x 200 cells at t = 2.

The computational domain is [0, 1] x [0, 1]. 80 x 80 uniform cells are used. The periodic boundary conditions are applied
on all sides of the domain. 80 x 80 uniform cells are adopted.

The density distributions at t =4 are shown in Fig. 5. The interface is observed with better resolution by MEHGKS-
5 than by MEHGKS-3, and by MEHGKS-5-IS than by MEHGKS-5. Fig. 5 demonstrates the advantage of high-accuracy and
high-resolution scheme in simulating multi-component flows.

4.8. The two-dimensional sod problem

For this problem, the initial conditions are given by

~[@1,0,0,1,1.4,0), (x—0.5)% <0.3%,
(0, U, V. P,y Poo) = { (0.125,0,0,0.1,1.9,0), else.

The computational domain is [0, 1] x [0, 1]. The reflecting boundary conditions are imposed on all sides of the domain.
200 x 200 uniform cells are adopted.
The schlieren-type images of the density at t =2 are shown in Fig. 6, which confirm the best resolution of MEHGKS-5-IS.

4.9. The triple point problem

The initial conditions are [59]

(1,0,0,1,1.5,0), x <1,
(p.U.V,p.¥.Poo) =1{ (1,0,0,0.1,1.4,0), x> 1Ny < 1.5,
(0.125,0,0,0.1,1.5, 0), else.

The computational domain is [0, 7] x [0, 3]. The reflecting boundary conditions are imposed on the top and bottom of the
domain. The non-reflecting boundary conditions are used on the left and right sides. 840 x 360 uniform cells are adopted.

The schlieren-type of density at t =2.4 and t =5 are shown in Fig. 7, from which it is observed that the flow details are
better captured by MEHGKS-5 than by MEHGKS-3, and further better resolved by MEHGKS-5-IS than by MEHGKS-5.

4.10. The shock-bubble interaction problem

This case contains the interaction of a shock wave in air with a circular R22 bubble [58,20]. It starts from a leftward-
moving shock wave with Mach 1.22 in air located at x = 0.25. In front of the shock, there is a R22 bubble with radius
0.025 centered at (0.225,0) in water. Air is given by (0, U, V,p, ¥, poo) = (1.225,0,0,1.01325 x 10°,1.4,0) in the pre-
shock and (p,U,V,p,¥y, Pxo) = (1.686,—113.5,0,1.59 x 10°,1.4,0) in the post-shock regions. R22 inside the bubble is

15
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Fig. 7. The schlieren-type images of p of the triple point problem with 840 x 360 cells at t = 2.4 (top) and t =5 (bottom).
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Fig. 8. The schlieren-type images of o of the shock-bubble interaction problem with 1780 x 178 cells at t = (115,187,417, 1020) x 105 (from top to
bottom).

(p,U,V,p,¥,Pso) = (3.863,0,0,1.01325 x 10°,1.249, 1). The computational domain is [0, 0.445] x [0, 0.0445]. The re-
flecting boundary conditions are imposed on the top and bottom of the domain. The non-reflecting boundary conditions are
used on the left sides. The flows are inner flows on the right side. 1780 x 178 uniform cells are adopted.

The schlieren-type images of the density are shown in Fig. 8, which demonstrate the advantage of high-accuracy scheme
in capturing the flow details and high-resolution scheme in resolving the interface.

4.11. Richtmyer-Meshkov instability problem

In this case, the interface between air and liquid is initially generated at x=1.2+40.1cos2r y) = f(y) [56,38]. The initial
conditions are

(1,0,0,1,1.4,0),x < f(¥),
p,U,V,p,v,pc)=14 (5,0,0,1,4,1),x <1.325,
(7.093, —0.7288,0,10,4, 1), else.
The computational domain is [—2, 2] x [0, 0.5]. The reflecting boundary conditions are imposed on the top and bottom of

the domain. The non-reflecting boundary conditions are used on the left sides. The flows are inner flows on the right side.
2560 x 320 uniform cells are adopted.
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Fig. 9. The schlieren-type images of p of the Richtmyer-Meshkov instability problem with 2560 x 320 cells at t =0.1,0.5, 1, 2 (from top to bottom).

The schlieren-type images of the density are shown in Fig. 9. The oscillations are captured by MEHGKS-5 and MEHGKS-
5-IS. The interface is better resolved by MEHGKS-5-IS than by MEHGKS-5.

4.12. Underwater explosion problem

This case has been extensively adopted to test the performance of numerical schemes in media with large variations of
the pressure and density [58,19]. Initially, a stationary interface between air and water is located at y = 0. Air is given by
(0. D, Y. Poo) = (1.225,1.01325 x 10°, 1.4, 0). Water is (0, p, ¥, Poo) = (103,1.01325 x 10°, 4.4, 6 x 108). There is a bubble
with air (p, p, ¥, Do) = (1250, 10°, 1.4, 0) centering at (0, —0.3) in water. Its radius is 0.12. The computational domain is
[0,2] x [—1.5,1]. The reflecting boundary conditions are imposed on the bottom and left sides of the domain. The non-
reflecting boundary conditions are used on the remaining sides. 400 x 500 uniform cells are adopted.

The schlieren-type images of the density and pressure are shown in Figs. 10-11. The interface is better resolved
by MEHGKS-5 than by MEHGKS-3, which demonstrates the advantage of a high-accuracy scheme in the simulations of
multi-component flows. It also shows that the interface is better resolved by MEHGKS-5-IS than by MEHGKS-5, which
demonstrates the advantage of a high-resolution scheme.

5. Conclusions and comments

Based on the framework of EHGKS with a newly-developed interface-sharpening technique, a one-stage high-accuracy
and high-resolution scheme is proposed for invisid compressible immiscible multi-component flows. Firstly, the original
EHGKS for a single ideal gas is modified for stiffened gases based on NOK. Secondly, the scheme is extended under Abgrall’s
4-equations model to solve the non-conservative parts of model with no spurious oscillations across material interfaces.
Together with a newly-developed interface-sharpening technique, the proposed scheme possesses not only uniform high
order of accuracy in both space and time in smooth regions of a pure medium, but also the high resolution on the material
interfaces.

Several benchmark tests are carried out to validate the high accuracy and resolution of the proposed scheme. The de-
signed third and fifth order of accuracy in both space and time is validated. Comparisons are made between MEHGKS-3,
MEHGKS-5 and MEHGKS-IS. On the one hand, MEHGKS-5 presents more flow details than MEHGKS-3, illustrating the ad-
vantage of high accuracy. On the other hand, MEHGKS-5-IS can capture a material interface more sharply than MEHGKS-5,
demonstrating the advantage of its high resolution. As a conclusion, the high accuracy and resolution of the new scheme is
confirmed.
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Fig. 10. The schlieren-type images of p of the underwater explosion problem with 400 x 500 cells at t =2 x 10~4,4 x 1073,8 x 103 and 1.2 x 103 (from
top to bottom).

The new method is developed for the stiffened gases in this work. It is also possible to extend it to a more general
equation of state. In fact, NOK, which builds up the leading terms in flux and source evaluations of MEHGKS, has already
been extended to the Mie-Griineisen equation of state [40]. The key then should be on the modification of the Lax-Wendroff
procedure to obtain the high-order terms in flux evaluations. We will continue this work in the future.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Data availability

Data will be made available on request.

18



S. Li, D. Luo, J. Qiu et al. Journal of Computational Physics 490 (2023) 112318

MEHGKS-3 MEHGKS-5 MEHGKS-5-IS

-/

7

4

™

Fig. 11. The schlieren-type images of p of the underwater explosion problem with 400 x 500 cells at t =2 x 10™%,4 x 10~3,8 x 10~3 and 1.2 x 103 (from
top to bottom).

Acknowledgements

This work is supported by National Key R&D Program of China (Grant Nos. 2022YFA1004500, 2020YFA0712200), NSFC
(Grant Nos. 11901044, 12271052, 12101063, 12071392), National Key Project (Grant No. GJXM92579), the Sino-German
Science Center (Grant No. GZ 1465) and ISF-NSFC joint research program (Grant No. 11761141008).

Appendix A. Reconstruction

The traditional WENO reconstruction technique [27] is applied to obtain the point-wise values at a cell interface. The
definitions of Wi+1¢ are
2

W. ;- = Ilim Wx,O,xe[x. 1,X: 1]
i+3 XX 1 (x,0) =37 "5 |7
2
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Wi+%+ :x_lgirilW(x,O),xe |:Xi+%,xi+%i|.
To guarantee Ul.+1i = Up and P 1% =Do under the condition U? = Up and ﬁf’ =po fori=1,2,.--, N, the WENO recon-
2 2

struction is implemented on (o7, U’;, DY, 7’,-1). In this section, we define Q= (p, U, p, Y) for simplicity.
To evaluate the spatial derivatives of Q¢, the linear reconstruction is implemented based on the point-wise values Q° and

the centremost cell averages Q? (_Z?H, .-+, i.e,, in the third-order scheme,
0Q° 1 /—n —n
T~ (@0 ).
aZQe 1

s )

in the fifth-order scheme,

BQe 1 —n

= T2Ax (Q: 1 — 15Q; +15Q;,, — Qi+2)’

32Q° 1 —n —n s o
B (e s, )
93Qe 1 —n —n —n =n
3 AS (—Qiq +3Q —3Q 1+ Qi+2) .
Q1

S = I (5Q, - 356,'7+60Qe—356?+1+5@+2).

In the two-dimensional case, the reconstruction is implemented dimension-by-dimension. The tangential derivatives of
- m (4
Q° are evaluated by the linear reconstruction based on ox(ml in the centers of the tangential faces. The subscript j is added
to indicate the j-th face in the tangential direction. In the third-order scheme,

am+1Q§ B 1 <amQ§+1 - amQ§_1>

dyaxm — 2Ay \  9xm axm

3m+2Q<; 1 amQj;1 , asz amQ?+1
ay2axm — Ay2 \ axm 7 gxm T )

In the fifth-order scheme,

+1
mQ; _ 1 (_ 0"Q, -|-88mQ'§*l 8amQ§+1 + amQ’?ﬂ)

aydx™ — 12Ay 9xm gxm 9xm axm
2
TR L T R B
_ —16 +30 —16 + ,
dy2oxm 12Ay2 axm axm axm axm axm

8m+3Q(; 1 amQﬁ_z , 8mQ3_-1 , ain_H amQ(;+2
dy3axm — 2Ay3 \ oxm R I PR P

4
(T PG )

dytoxm - Ay? axm  gxm axm axm axm

Remark 4. The present reconstruction can not preserve the inherent positivity of the density and pressure. Y is also not
ensured between the range [0, 1]. For simplicity, all the reconstruction and flux evaluations are reduced to the first order
of accuracy when the reconstructed point-wise density is negative, or the speed of sound is not real, or Y, 11 < —€ or

Y. +1i > 1+ €. The work to develop a positivity-preserving and border-preserving one-stage high-order method [72] will be
studled in the future.

Appendix B. The proof of Eq. (18) for MEHGKS

Lemma. Assume Eq. (17), Eq. (18) is satisfied by MEHGKS with the reconstruction, flux and source evaluations defined in
Appendix A, Eq. (16) and Eq. (24).

20



S. Li, D. Luo, J. Qiu et al. Journal of Computational Physics 490 (2023) 112318

Proof. The initial condition is given by Eq. (17). Based on the reconstruction in Appendix A, we have
Ui+%i = L]()7
. 1+ = Po. B.1
Pip1t =Po (B.1)
And given by the definition of Q®NOX in Eq. (13), we have

UE,NOK — UO
e,NOK

3

p = Do,
om Ue,NOK

axm
ampe,NOl(
axm
form=1,2,---,r. The equation of state gives
1 __ 1 yeNOK 1 (1 _ Ye,NOK)
ye.NOK -1 )/(1) -1 V(2) -1 ’

,NOK ,,e,NOK 1) ,(D 2).,,(2)
y N . Y Vpss ye:NoK ¥ (l _ Ye,NOI(). (B.3)

yeNOK _ 1 - yM 1 Y@ -1

3

=0, (B.2)

Substituting Eqgs. (B.2)-(B.3) into IF¢-NOX results in

Ioe,NOKUO

FeNok _ | peNOKy2 4 pg , (B.4)

1 4y @ ()
fpe’NOKUg+C0Ye’NOKUO+pOUO+ POy(};)il;oo UO

™M @5,@ .o . . -
where Co = pf’;%)ifw - l’oyz)j]’w . The temporal derivatives of F&NOX can be obtained by the spatial derivatives

according to the Lax-Wendroff procedure in Eq. (25), which gives
aerl (8ue,NOK N Ue,NOK 8Uz,NOK 1 ape,NOK> o

axmyt! ot ax + 0eNOK gy
and
l ’ 9
gt rapeNoK +5/0:NOK (pe.NOK +pe,N01<)w n Ue,NOl(w _o
axmat! ot 0o ™ o ’
form+1=0,1,---,r — 1. Since the reconstruction results in Eq. (B.2), we then have
8U€,NOK 8 e,NOK
m=0,l=0: =0, p —0:
at ot
and subsequently
32 Ue,NOK 32pe’NOK
m=1,1=0: =0, —0:
0xot oxot
82 Ue,NOK azpe’NOK
m=0,l=1: =0, —0:
8t2 atZ
arue,NOK 3rp€,NOK
m=0l=r—1: =0, =0.
otr atr
As a result,
5le.NOK 5 pe’zgi
S~ (o ' B.5
TR T e (B5)

EIoe‘,NOKUOZ + Coye,NOK

Substituting the equation of state into F¥-NOK results in
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e=10"3 e=10"°
55 MEHGKS-5-IS 55 MEHGKS-5-I1S
“F exact solution “F exact solution
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45F 45k
4F \ 4k \
35 35F
o F | o |
3F 3F
25F \ I 25F \ I
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Fig. C.12. p of the square wave propagation problem (Section 4.3) with 20 uniform cells at ¢t = 100.

F(])I{,NOK
Fk,NOK _ UO]F (1)](,NOK + po (BG)

K PDpss
U3 ()80 o+ potlo+ 2258

2)
where ]F(l)k’NOK — <u1)+,NOKIoi+%+ +(u1>—,NOKpi+%_‘ In Eq (22)' ]F(3)k’NOK — %U%]F(])k’NOK—FC()F{;’NOK+ y)(/z)_l (p0+

(2))U0 Substituting Egs. (B.5)-(B.6) back into Eqs. (2) and (10) results in Eqs. (20)-(23). Based on Eqgs. (20) and (21),

U?+1 = Uy is satisfied. After substituting the equation of state into Eq. (22), Eq. (22) can be written as

1 2
1—”+1U . n+1 y(l)p( ) ~ n+l y(z)p 7’7“ + n+1 y(z)p( )
2P Yo y 1 y @1 i v @1

_ Po+yVps  po+y@p\on Pty
= _'01 y 1 7@ —1 i y @1
r

1, At 1 Ath 9!y pe-NOK
——U? VF(MNOK L yg(1—e T R
2 OAx ( (= ;(l—i—l)! atl

—co— VFENK Ly 1—e o Xr:A—tla—lvye’NOK . (B.7)
— (1+ 1) at!

And substituting Eq. (20) into Eq. (B.7) results in

CO n+1 _ CoY

c VFENK 4y (1 A\ Al o yyeNOK
— - —e G - ’
OA + ( );(H—l)!at’

1 1 —n+1 1 11
_<<y(1)—1 N y(z)_1>yi +7y(2)_1)(19? —po)- (B.8)
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Fig. C.13. p of the square wave propagation problem (Section 4.3) with 40 uniform cells at t = 100.
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Fig. C.15. p of the gas-helium shock tube problem (Section 4.4) with 400 uniform cells at t = 0.15.
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Fig. C.16. p of the gas-liquid shock tube problems (the third case in Section 4.5).
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Fig. C.17. The contours of p of the two-dimensional square wave propagating problem (Section 4.7) with 80 x 80 cells at t = 4.

Fig. C.18. The schlieren-type images of p of the triple point problem (Section 4.9) with 840 x 360 cells at t =5.

_ 1 1 1 _ 1
Define C4 = G (—y(2>—1 — —y(1>—1) and C5 = &)

r

—n+l  —i At L
Y; =Y',~1—A—X<VIF{§’NOK+U0(1—e “)Z
=1
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€=10"12

Atl 3!

d+ D! at!

Eq. (B.8) can be written as

vy(?,NOK)

+(Ca¥i™ +s) (B! = o).

Substituting Eq. (23) into Eq. (B.9) results in E?H = po. Consequently, Eq. (18) is satisfied by MEHGKS. Based on a
similar derivation, we can also prove that Eq. (18) is satisfied by MEHGKS-IS.
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Fig. C.19. The schlieren-type images of p of the shock-bubble interaction problem (Section 4.10) with 1780 x 178 cells at t = 1020 x 10~8 (from top to

bottom).
e=10"3 e=10"6
e=10"° e=10"12

Fig. C.20. The schlieren-type images of p of the underwater explosion problem (Section 4.12) with 400 x 500 cells at t =1.2 x 1073,
Appendix C. The sensitivity of numerical results to €
€ is a small value used to identify a material interface. In this section, the results of several cases are given as an
example to demonstrate their sensitivity to €, by using different values of € from 10~3 to 10712, The tests are conducted
under the same conditions as the previous cases in Section 4, except for the value of €. The comparisons demonstrate that
the numerical results are not sensitive to € in this range. See Figs. C.12-C.20.
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