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ARTICLE INFO ABSTRACT

Keywords: In this paper, we propose a new high-order finite volume method for solving the multicomponent fluids
Finite volume problem with Mie-Griineisen EOS. Firstly, based on the cell averages of conservative variables, we develop
High-order a procedure to reconstruct the cell averages of the primitive variables in a high-order manner. Secondly,

Multicomponent flows

. e ; the high-order reconstructions employed in computing numerical fluxes are implemented in a characteristic-
Mie-Griineisen equation of state

wise manner to reduce numerical oscillations as much as possible and obtain high-resolution results. Thirdly,
advection equation within the governing system is rewritten in a conservative form with a source term to
enhance the scheme’s performance. We utilize integration by parts and high-order numerical integration tech-
niques to handle the source terms. Finally, all variables are evolved by using Runge-Kutta time discretization.
All steps are carefully designed to maintain the equilibrium of pressure and velocity for the interface-only
problem, which is crucial in designing a high-resolution scheme and adapting to more complex multicomponent
problems. We have performed extensive numerical tests for both one- and two-dimensional problems to verify
our scheme’s high resolution and accuracy.

1. Introduction

Multicomponent flows play an essential role in aerospace, chemical engineering, biomedical engineering, hydraulic engineering, and other
fields. Due to their importance and applicability, we must develop high-accuracy and high-resolution numerical methods to model these flows
numerically.

The interface-capturing method is one of the main approaches for solving multicomponent flows. These methods utilize a system of governing
equations to characterize the flows, replace sharp interfaces with a diffused zone by introducing numerical dissipation, and dynamically capture
the interface. In general, interface-capturing methods can handle large and complex interface deformations, allowing for the dynamic creation
or disappearance of interfaces, such as those found in chemical reactions. These methods can be integrated into a unified governing system.
Therefore, we can pursue a unified numerical method to model the flows. Furthermore, interface-capturing methods are based on the Eulerian
framework, where the grids remain fixed, which facilitates generalization to high-dimensional cases. Due to the advantages mentioned above,
interface-capturing methods are becoming increasingly popular in numerically modeling multicomponent flows.

Interface-capturing methods for solving the multicomponent flows are challenging to design. The main difficulty is that they would produce
nonphysical oscillations near the interface. These oscillations are already present in first-order schemes and are hard to eliminate even using
high-order schemes. Over decades, researchers have proposed many studies based on interface-capturing method frameworks [1-4]. In [5], Abgrall
proposed a quasi-conservative scheme to maintain velocity and pressure equilibrium along the interface, which was a breakthrough in developing
a high-resolution interface-capturing method. Later, Shyue developed wave propagation method for solving more general equations of state (EOS),
such as stiffened gas EOS, van der Waals EOS, and the Mie-Griineisen equation of states, and extended to second order [6-8]. In [9], Allaire
et al. proposed a five-equation model to simulate the multicomponent flows and applied the model to different types of EOS. In [10], Johnsen and
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Colonius suggested that using the quasi-conservative form coupled with the reconstruction of primitive variables can eliminate spurious oscillations
regardless of whether WENO techniques are implemented in a component-wise or characteristic-wise way. Following this idea, researchers have
designed numerous schemes to solve the problems of multicomponent flows [11-19].

Many interface-capturing methods are based on the finite volume method, such as [10-14]. All of them claim to be high-order methods, but
none can be regarded as genuinely high-order ones. On one hand, the primitive variables used in the reconstructions in these methods are obtained
in a low-order way. On the other hand, the source terms obtained by rewriting the advection equations in the governing system are also handled
with a low order of accuracy. They may not achieve optimal accuracy in smooth regions. Therefore, it is necessary to develop finite volume methods
that can handle multicomponent fluid problems with genuinely high-order accuracy.

In this paper, we propose a new high-order finite volume method for solving the multicomponent fluids problem based on Mie-Griineisen EOS.
Firstly, based on given conservative variables, we develop a procedure to reconstruct the primitive variables in a high-order manner. Secondly, the
high-order reconstructions employed in computing numerical fluxes are implemented in a characteristic-wise way to reduce numerical oscillations
as much as possible and obtain high-resolution results. Thirdly, the advection equation within the governing system is rewritten in a conservative
form with a source term to enhance the scheme’s performance. We utilize integration by parts and high-order numerical integration techniques to
handle the source terms. Finally, all variables are evolved by using Runge-Kutta time discretization. All steps are carefully designed to maintain
the equilibrium of pressure and velocity for the interface-only problem, which is crucial in designing a high-resolution scheme and adapting to
more complex multicomponent problems. We have performed extensive numerical tests for both one- and two-dimensional problems to verify our
scheme’s high resolution and accuracy.

The rest of this paper is organized as follows. In Section 2, we outline the detailed steps of our scheme in a one-dimensional case. In Section 3,
we present numerical experiments to verify the numerical accuracy and efficiency of the scheme. In Section 4, we give a conclusion of the paper.
In the appendix, we provide detailed proof to demonstrate that our scheme can preserve the equilibrium of the pressure and velocity for the
interface-only problem when using the stiffened gas EOS.

2. The framework for the one-dimensional case

We consider the following system of five equations, which can be used to solve multicomponent problems:
(p121), + (p121u) =0,
(P222), + (p2zou) =0,
(pu); + (pu2 + p)x =0, (2.1)
E + W(E+p), =0,
(z1), +u(z), =0.
Here p, and p, are the density of the fluid 1 and 2, p is the total density, u is the velocity, pu is the total momentum, F is the total energy, p is the
pressure, z;,z, € [0, 1] are the volume fractions of fluid 1 and fluid 2, and satisfy z; + z, = 1. Furthermore, we have the following equation:
p=p12| +przy, E= %pu2+z1p|el + z,p505,
where ¢, e, are specific internal energy for fluid 1 and fluid 2 respectively. In order to close system (2.1), a mixture equation of state is needed,
and each fluid is modeled by Mie-Griineisen EOS:
Pi = Presi(pi) + Ti(o)py (ex — erersi(pr)), k=12,

where p; is the pressure for fluid k, Iy, p,.; x> and e, are the Griineisen coefficient, reference pressure and reference internal energy for fluid
k. Physically, I, p,.s and e, are used to describe the property of materials and can be determined from experimental data. In this paper, we
will focus on following different models in the Mie-Griineisen form [8]:

1. Stiffened gas EOS,
o) =v — 1,
Pres i (Pi) = =7 By,
eref,k(ﬂk) =0,

where y, and B, are the material-dependent quantities.
2. The Jones-Wilkins-Lee (JWL) EOS (for gaseous explosives),

Ii(p) = To g,
Ry koo R koo x
Pref i (Pi) = Agexp (‘p—> + Biexp <—p—> ,
k k
e (p) = A exp< Rl,kﬂo,k> + By exp( Rz,kl’o,k> .
x(o) = - - — €0k
el Ry kPo Pk Ry kPok Pk

where I, Ay, By, Ry 4. Ry . po . @and e, are the material-dependent quantities.
3. The Cochran-Chan (CC) EOS (for solid explosives),

L(p) = Ty

Pok \ Mk Poi \ Tk
Prey k(Pi) = Ay <_> -B | — >
Pk Pi

A, Pok 1—€p B, Pok I—€p
Crep i(pi) = ———F— <—> 1+ —— (== —1 ) ~eqp
ref I (L= €10Pok ( P (I = &210P0 P o

where I, Ay, By, € 4, €245 Pox and e, are the material-dependent quantities.
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Table 1

Typical material-dependent quantities for different models.
JWL EOS po (kg/m’) A (GPa) B (GPa) R, R, I, P
TNT 1840 854.5 20.5 4.6 1.35 0.25 0
Water 1004 1582 —4.67 8.94 1.45 1.17 0
CC EOS o (kg/m*) A (GPa) B (GPa) € €& T, p
Copper 8900 145.67 147.75 2.99 1.99 2 0
TNT 1840 12.87 13.42 4.1 31 0.93 0
Shock EOS po (kg/m?) ¢y (m/s) s I, a Po e
Aluminum 2785 5328 1.338 2.0 1.0 0 0
Copper 8924 3910 1.51 1.96 1.0 0 0
Molybdenum 9961 4770 1.43 2.56 1.0 0 0
Midocean ridge basalt (MORB) 2660 2100 1.68 1.18 1.0 0 0
Water 1000 1483 2.0 2.0 1074 0 0

4. The shock wave EOS,

Po
I (py) = Iy <ﬂ> >
Pk
c&k (1/pox —1/px)
(1/pop = sx(1/po s = 1/Pk))2’
€reri(Pr) = ey + 1 (Pres k(o) + Pox) (1 oo — 1/p1)-

2
where I ., 5y, ¢ s Po i Po» % and e, are the material-dependent quantities.

Pref ik (Pr) = Poi +

These different models can be used to simulate many materials, such as water, copper, TNT, and so on. We list relevant parameters for different
materials in Table 1 [8,20].
We assume that for each fluid the sound speed of sound ¢, is defined by [8]:

L)\ [ Pk = Presi(pi) Prefi(Pr)
k\Pk k ref.k\Fk ref k\Fk
¢ = (Fk(ﬂk) +1+p, TG0 < o > + Fk(pk)T + s — Telpidoiel 1 (1):

are the derivatives of I, p,.s s, e, s, With respect to p,. Furthermore, we use isobaric closure assumption for mixed cells:

! / !
where, r.p, 1 Cref ik

PL=DP=D

and thus we define sound speed for mixed cells [9]:

& = Z Vb,
3

where ¢, is the sound speed for fluid k, y, = z;p,/p is the mass fraction for fluid &, & = (05#”) is the partial derivative about the internal
k7 p
energy with respect to pressure for fluid k, and & = z;&; + z,&,.

For simplicity, the computational domain is divided uniformly. We denote the cell I; = b, _1,x,, 1, the cell center x; = <x,> 1HX 0 /2 and
2 2 2 2

its cell size Ax = X1 —x;,_1. By denoting U = (z,py,2,0,, pu, E,zl)T, F(U) = (zyp 4, 2opu, pu® + p,u(E + p), uzl)T and S(U) = (0,0,0, O,zl)T, we
rewrite the system (2.1) into
U, + F(U), = S(U)u,. (2.2)

where u, refers to the derivative of velocity. We integrate (2.2) over the cell I;, employ the integration by part, and then obtain the following
semi-discretization form:

T L (e, - FUG, )
o | Ax Yieg Y4
1 x 1 (2.3)
Wl
:E S(U(x/_+%, t))u(xj+%, 1) — S(U(xj_%, t))u(xj_%, 1) — /x jl 2 SWU(x, 1), u(x,t)dx |,
)
where U, (1) = i ij’j'/f U(x, t)dx. Next, by introducing the numerical fluxes, we approximate Eq. (2.3) by the following formulation:

au; 1 (4 R 1 u
A _ - = R + i _

o ax (F”% Ff"%) T ax (S(Uﬁé)u”% S(U/—%)uf‘%> ,;wks(u)m“uck' @4

U; refers to the numerical approximation to the cell average U, (7). F | and 12/,

Tl 1 represents HLLC numerical flux evaluated at the interface
2 2
Xjp1y0 [10,11,21]:

+

L 1 + sgn(s™)

foy=—2—

N 1 + sgn(s*) < _
1 =————(u

u.
Jt3 2 J+

1 — sgn(s™)
2

<F(UJ;%)+S_(U*L —Uj_+l)> +

2

<F(Uf’ D +sTU, g -U* l)),
Jt3 Jt3

[SIE

1 — sgn(s™) 25
+ 57(1*L - 1)) + + <u;-L+1 + S+(I*R - 1)> >
2

1
2

3
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where we defined

Pk
P2k
s PR—Pr +ppur(sy —up) — prug(Sg — Ug)
Uik = Xuk Piss Sk = pr(s uy)— pr(s ug) ’
P LS —up) = pr(Sgp —ug
Ep+ (s, —uy) (pks* + Sk—kuk )
Z

ROE ROE
0 ,uL—cL),sR=max((u+c) o ,uR+cR),

5™ =min(0, s7), s* = max(0, sg), s; = min ((u—c)
and

Sp — Uy
Xk = , k=L,R,
S — Sy

where g; = ¢~ | and g = q* |, g refers to variables py, py, p,u, s, p, c, E, U,, x, respectively, and (u—c)ROF and (u+c)ROF are the velocities obtained
+3 J+3

2 2
from an intermediate state based on the Roe average. In Eq. (2.4), w,, G, are Gauss-Lobatto quadrature points and coefficients:
G =x_1, Gy=x , Gy=x , Gy=x.1,
=X 27X T@ 3TX, 17\/05 4= Xl

T 1 1 w, = =
12’ 2T T ‘T
u* |, Ug, and U, g, are numerical approximation to the solutions and derivatives at the X, 101Gy respectively, which are obtained by the WENO
j+3 2

(2.6)

recoznstruction method described in Section 2.1.
We denote the semi-discrete system (2.4) as U, = £(U), where £ denotes the operator of the spatial discretization. Then, we use the third-order
total variation diminishing (TVD) Runge-Kutta time discretization [22] to solve the semi-discrete form (2.4):

U = U" + arL(u”),

u® = %U" + }L<U<l> +arL(UWDy), o7

Ut = %U" + %(U@) + AtL(UP)).
2.1. WENO reconstruction

Now, we list detailed flowchart of the WENO reconstruction method, which is similar to [23-25].
Step 1. Given stencils Sy = {[;_5, ;_, I;. [, L0}, Sy = {1}, Sy = (L, I, L}, Sy = {15, Iy, I;}, and Sy = {1, 1,1}, we need to
construct polynomials Py(x), P,(x), P,(x), P3(x), Py(x) such that:

1 _
E,/, Py(x)dx =1q;,, [1=-2,-1,0,1,2,

i+l

1 _
— P(x)dx =q,,;, [=0,
Ax /’,+: 1 ()dx = ¢,

1 _
A_x/ P(x)dx =¢q;,;, 1=-1,01, (2.8)

Tivi

1 _
E/ P,(x)dx =4q;y;, 1=-2,-1,0,

Liyi

1 —
E,/I Py(x)dx =7q;,;, 1=0,1,2,

i+l

where g; are the cell average on cell [; for g(x).
Step 2. We compute the smoothness indicators, denoted as S, f;. f,, B3, Bs respectively. The smoothness indicators are based on the formula
in [26]:

1 4 ok 2
— z k —
B = Ax k=1/1, <Ax Nk Pm(x)> dx, m=0,2,3,4,

where r = 4 for Py(x) and r = 2 for P,(x), P;(x) and P,(x). As to P;(x), we magnify smoothness indicators §; from zero to a value defined below:
p; = min (@Hl - Ei)z, (qi—1 — E,-)Z) .
Step 3. We take the linear weights as
1100 1 10

T T T I
and
50=097. 5, =001, s;3=001, s,=00l

Then, we can rewrite Py(x) as

Py(x) = 0Py(x)+ (1 - 0) (rOPO(x) +r P(x)+ rsz(x)) . (2.9)

4
where 6= 1 = (1= min (1,50/50)" ) -



F. Zheng and J. Qiu Computers and Fluids 284 (2024) 106424

Step 4. We compute the nonlinear weights
o, _ r
(Dk=%, wk=—k2, k=0,1,2,
Wy + @) + o, (B +¢)
and

Mo To= —k _ k=0,234

O Rt T e
where £ = 1072 to avoid dividing by zero. Then, we replace 6, o, F1. ¥ in (2.9) with nonlinear weights:

P(x) = 0Py(x) + (1 — 0) (0 Py(x) + @ P (x) + 0, Py(x)) , (2.10)
and

P'(x) = 0P)(x) + (1 - 0) (0o P}(x) + @ P/(x) + 0, Py (x)) , (2.11)
where 6 =1 — (] — min (1,;40/s0)4)4 and satisfies 0 < # < 1, 6 is close to 0 in discontinuous region and 6 = 1 + ©(4x*) in smooth region.

Now, we give a brief analysis about Eq. (2.10). The Eq. (2.11) is similar.
When the solution is smooth in the stencil S, through the Taylor expansion analysis, we have:

Ho = 5o + (9(Ax2).
It implies the method can realize the fifth order accuracy:

P(x) — q(x) = (1 = 8) (wg (Py(x) — q(x)) + @) (P{(x) — q(x)) + @ (Py(x) — g(x))) + O(Py(x) — q(x))
= 0(4x®) (0,0(4%°) + ©,0(4x°) + ©,0(4x)) + (1 — O(4x®)) O(4x)
= O(4x°).

When the solution is discontinuous in the stencil S,, we have g, = O(1). It means y, — 0, and 6 — 0. Therefore, wyPy(x) + @, P;(x) + @, P,(x)
plays the major role. If the solution is smooth in the stencil S,,, then g,, = ©O(4x?). However, if the solution is discontinuous in the stencil ,,, then
B, = O(1). As to the nonlinear weights ®,,, we have w,, = O(4x*) when the solution is discontinuous in the stencil ,,, and w,, = O(1) when the
solution is smooth in the stencil .S,,. Therefore, the method maintain the ENO property.

2.2. Primitive variables reconstruction

To maintain the equilibrium of velocity and pressure during reconstruction, it is necessary to reconstruct the primitive variables from the given
conservative variables. These reconstructed primitive variables will then be used to implement the reconstruction process subsequently. Next, we
will describe the reconstruction steps for the primitive variables.

Step 1. Follow the steps described in Section 2.1, we can obtain the polynomials and fraction for each cell I;:

Po,m(x)aPLm(x), Pz,,,(x), Ops mM=2z1py,2ypy,pu, E, 24,

where P, (x), P, ,,(x), P, ,,(x) are the polynomials reconstructed in (2.8) for each variables, and 6,, is the parameter used in (2.10) and (2.11) for
each variables.
Step 2. Compute the minimization of the fraction:

0= min (Hm) LM = Z1p1, 2000, pU, E, 2.
Step 3. Compute the polynomials for the conservative variables:
P,(x) = 0P ,,(x) + (1 =0)P, ,,(x), m=2zypy,2zyp,pu, E, z;. (2.12)

Step 4. Compute the values for the primitive variables:

P, ()
P/’] (.X) = Plpl(x) B
21
P (x)
_ Z2P2
P =10
P, (x)
am=;m,
P
Py (X)
P,(x) =\ Pp(x) - m =By | /Ao

where P,(x) = P, , (x) + P, (x), A(p) = 1/T(p), B(p) = —pres(p)/T(p) + I'(p)e,es(p), Ay = P ()A(P, (x)) + (1 - le(x)) A(P,,(x)) and By =
P, ()B(P, (x)) + <1 -P, (x)) B(P,,(x)).
Step 5. Reconstruct the cell averages of primitive variables for each cell by using numerical integrals:

mj = ZwGPm(xG)s m=py,p,U,p, 2.
G
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Table 2
The CPU time (measured in seconds).
HO1 HO2 LO

Example 3 7.34 6.95 9.31
Example 4 0.55 0.53 0.78
Example 5 0.55 0.54 0.82
Example 6 1.38 1.34 2.42
Example 7 0.86 0.84 1.51
Example 8 0.94 0.90 1.42

2.3. The maximum principle preserving limiter

Computers and Fluids 284 (2024) 106424

The volume fraction z; may obtain an invalid value, such as z; < 0 or z; > 1. We need a procedure to correct the invalid value. Following the

suggestion in [27], we describe the detailed correction steps:
Case 1: two-components flows:

Assuming z;;(x) and z,; are the polynomial and cell average on cell I; respectively, we define the following new polynomial:

l—e—-2zy;

€—zy;

>

Z7,;(x) =§(z|j(x)—31j) +2y, 5=min{

Z]j,max - Z]j

where 24} min = Milyeg 21 (), 21 max

z]j,min -

).

= max,es z;;(x) and S is the set of Legendre Gauss-Lobatto quadrature points for I;.

It is clear that if cell average EU € [e,1 — €], then we have zNIj(Gk) € [e,1 — €] and sz(Gk) =1- ﬂj(Gk) € [e, 1 — €], where G, € S. We set

parameter ¢ = 1079,
Case 2: three-components flows:

The procedure for more than two components is a little bit different. We make three-component flows as an example. Assuming z, ;(x), z,;(x)
and z3;(x) are the volume fraction polynomials of the fluid 1,2 and 3 satisfying:

21 ;(x) + 29;(x) + 23;(x) = 1.
For each fluid k, we define the parameter 6,:

l—e-2z;

B

Zy (%) = 0, (zkj(x)—fkj) +7i 6, =min{

Zkjmax ~ Zkj

Zkjmin ~ Zkj

,1}, k=1,2,3.

We also set parameter ¢ = 107°. Then, we define the modified polynomials as the following:

5,0 =0 (2,0 = F)) +Fy D=min {01,005}, k=123

2.4. Algorithm

Now, we list the algorithm of the high-order finite volume method for the multicomponent fluid problem, see Algorithm 1:

Algorithm 1 Algorithm of the scheme

1: Reconstruct the cell average of primitive variables.

: Obtain the polynomials of primitive variables in characteristic-wise way.

: Correct the volume fraction.

2

3

4: Compute &1, F._ 1, SUT ) and S(U),, in formula (2.4) and form the scheme.
eSS j*x3 k

5

—2
: Evolve the scheme by TVD Runge-Kutta method (2.7).

2.5. Property of the schemes

Proposition 1. The high-order finite volume scheme (2.4) with the numerical flux (2.5) preserves the equilibrium of the pressure and velocity for the

interface-only problem with stiffened gas EOS.

We will provide the detailed proof in Appendix.

3. Numerical test

In this section, we will present the numerical results of our high-order finite volume scheme (denoted as ‘HO1’), with the CFL number set to
0.5. We set the time step At = CFLAx/3/a for accuracy test and At = CFLAx/a for other numerical experiments. Although the CFL number
does not satisfy the maximum-principle-preserving requirement, it works well for our numerical experiments. For comparison, we also list the
computational results based on [28] (denoted as ‘HO2’), and the computational results based on [11] (denoted as ‘LO’) which utilize the same
characteristic projection as in our paper but omit interface-sharpening technique. The exact solution in the one-dimensional numerical test can be
found in [29,30]. We also list the CPU time of the ‘HO1’, ‘HO2’, and ‘LO’ in Table 2. From the table, we can see that the CPU time of the ‘HO1’

method and ‘HO2’ method are comparable, and are less than that of the ‘LO’ method.
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Table 3
Accuracy test for density in 1D.
Mesh size HO1 LO
L, error order L, error order L, error order L, error order
10 3.88E-02 1.46E-02 2.99E-02 9.35E-03
20 1.86E-02 1.06 2.42E-03 2.59 1.03E-02 1.54 1.55E-03 2.59
40 1.13E-03 4.04 1.25E-04 4.28 2.37E-03 2.11 3.25E-04 2.25
80 9.91E-05 3.52 6.10E-06 4.35 4.51E-04 2.40 7.24E-05 217
160 4.42E-06 4.49 2.19E-07 4.80 1.02E-04 2.14 1.75E-05 2.05
320 1.49E-07 4.89 7.07E-09 4.96 2.57E-05 2.00 4.35E-06 2.01
Table 4
Accuracy test for density in 2D.
Mesh size HO1 LO
L, error order L, error order L, error order L, error order
10 x 10 4.46E-02 1.33E-02 2.44E-02 7.27E-03
20 x 20 8.11E-03 2.46 2.36E-03 2.50 6.57E-03 1.89 1.39E-03 2.39
40 x 40 1.25E-03 2.70 1.14E-04 4.37 1.99E-03 1.72 2.11E-04 2.72
80 x 80 8.64E-05 3.85 5.93E-06 4.27 3.67E-04 2.44 4.80E-05 2.14
160 x 160 4.14E-06 4.38 2.16E-07 4.78 7.52E-05 2.29 1.15E-05 2.06
320 x 320 1.47E-07 4.81 7.00E-09 4.95 1.83E-05 2.04 2.87E-06 2.01

Example 1. We consider the artificial accuracy test. In this test, we choose stiffened gas EOS by taking y = 3, B = 0. Initial conditions are the
following:

1+ 0.2sin(x)
24/r ’

z1(x,0) = 0.5 + 0.4sin(x), u(x,0)= \/7p(x, 0), p(x,0) = p(x,0).

p(x,0) = p1(x,0) = p(x,0)21(x,0),  py(x,0) = p(x,0)(1 — z;(x, 0)),

we set computational domain to be [0, 2x] and employ periodic boundary conditions. By the special choice of the parameter y, B, initial conditions
and boundary conditions, we can verify that 2\/;7p(x, t) is the exact solution of the following Burgers equation:

by + %(,ﬂ)x =0, u(x0)=1+02sin(x).
The velocity, pressure and z, satisfy the following relation:

u(x, 1) = \frp(x.0),  pee.0) = p(e. 1y, y(x,0)=3, p,(x.0)=0.

It is straightforward to demonstrate that the solution of the Burgers equation remains smooth up to time T = 5. We set the final time as T = 3 and
list the results in Table 3. From the table, we can see that our scheme can achieve fifth order accuracy as expected, while the LO scheme can only
achieve second-order accuracy.

Example 2. We consider the 2D artificial accuracy test. We also choose stiffened gas EOS and take y = 3 and B = 0. Then, the system (2.1) becomes
a single-component problem. Furthermore, we choose the following special initial conditions:

1402 sin(’%y)
p(x, 9,00 = ———————,  z;(x,,0) = 0.5+ 0.4 sin(

N

p1(x,9,0) = p(x,,0)z1(x,,0),  py(x,¥,0) = p(x,y,0)(1 = z;(x,,0)), p(x,y,0) = p(x, y,0)".

xX+y
2

) u(x,.0) = v(x,,0) = \/gp(x, 3.0,

We take the computational domain as [0,4x] X [0,47]. Periodic boundary conditions are used in this test. By the special choice of parameter y, B,

initial conditions and boundary conditions, we can verify that 1/2yp(x, y,t) is the exact solution of the following Burgers equation:

X+
2

1 1 s y
Ht S U+ S0, =0, (3,00 =1+02sin(=—=).
The velocity and pressure satisfy the relation: u(x, y,t) = v(x, y,1) = \/g p(x,y,1), p(x,y,1) = p(x,y,1)". It is easy to verify that the solution of the
Burgers equation above is smooth up to time 7 = 5. We set the final time T' = 3. At this time, the solution remains smooth. We list the error and
numerical accuracy order in Table 4. We can see that our method can achieve the designed fifth order accuracy, while the LO scheme can only
reach second-order accuracy.

Example 3. We solve a Riemann problem consisting of a single contact discontinuity in gas dynamics with stiffened gas EOS. The initial condition
and parameters required are as follows:

(1, 0125, 1, 1, 1-10"° 14, 0), x<0.5,

B) =
@1-02 .21 7- B) {(1, 0125, 1, 1, 106, 4, 1), x>05

We set the computational domain as [0, 1], periodic condition, the final time 7= 1 and N = 200. We show our results without using the maximum
principle preserving limiter in Fig. 1. The base velocity and pressure have been subtracted. From the figures, we can see that all of the three
methods match the exact solution well. The errors in velocity and pressure of our method are a little bit smaller than the ones obtained by the LO
scheme.
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Fig. 1. Numerical results for Example 3. From left top to right bottom: figures of density, velocity, pressure, volume fraction of fluid 1. The base u, = 1 and p, = 1..

Example 4. We solve Riemann problem with the following initial condition and parameters required:

( . z1e0) = (1700, 1000, O, 1012, 1-10"% 0), x<05,
PLpe P 21:€0) = 1 (1700, 1000, 0, 5x 1019, 0%, 0,  x>0.5.

We set the computational domain as [0, 1], the final time 7" = 12 pus and N = 200. The problem simulates the interaction of the product gases of the
explosive TNT. In this test, we choose the JWL EOS to model the explosive TNT. The relevant material-dependent quantities are given in Table 1.
Fig. 2 shows the result. From the figures, we can see that all schemes can give good resolutions to the exact solution. Slight overshoots around
x = 0.4 are observed in the velocity plot. However, these can be mitigated by refining the mesh size.

Example 5. We solve following Riemann problem:

( .21 e0) = (4000, 2785, 0, 7.93x10°, 1-10"° 0), x <0.5,
PLP2 P 215€0) = 4 4000, 2785, —2000, 0, 106, 0, x>05.
which is used to model an aluminum slab on the left is hit by a traveling aluminum slab with speed u = —2000 m/s on the right. We set the

computational domain as [0, 1], the final time 7" = 50 ps and N = 200. The aluminum is modeled by the shock wave EOS. The relevant material-
dependent quantities are given in Table 1. Fig. 3 shows the result. From the figures, we can observe that the oscillations appear along x = 0.7 in
the plots of density, velocity, and pressure with the HO2 method. Both the HO1 method and the LO method can obtain better results and match
the exact solution well.

Example 6. We solve following Riemann problem:

( wopozi ey = | (B900. 18401500, 101325, 1-106, 117900),  x <0.5,
P> P2 P 21:€0) = (900, 1840, 0, 101325, 106, 326100), x> 0.5.

which is used to model a rightward traveling copper plate with speed u = 1500 m/s interacts with a solid explosive. We set the computational
domain as [0, 1], with final time 7" = 85 ps and N = 200. We use the same CC EOS to model both copper and solid explosives. The relevant
material-dependent quantities are given in Table 1. Fig. 4 shows the result. From the figures, we can see that all of the three methods can obtain
good performance.



F. Zheng and J. Qiu Computers and Fluids 284 (2024) 106424

O Hot HO1
& HO2 HO2
r + LO LO
I g Exact Exact
3500 |- -
L 15000
5 s
3000 - P
2500 |- § 10000
I + L
a - =]
3 0
2000 |-
5 4
b 5000
1500
1000 [ — 0
T R |
0 0.2 0.4 0.6 0.8 1
X
O Hot HO1
O HO2 HO2
+ LO LO
1E+12 Exact 19 Exact
8E+11 |- 08}
6E+11 |- 061
o | N F
4E+11 |- 04
3 02}
2E+11 | i
L ol
0

o
o
o
n
o
EN
o
o

Fig. 2. Numerical results for Example 4. From left top to right bottom: figures of density, velocity, pressure, and volume fraction of fluid 1.

Example 7. We solve following Riemann problem:

(2485.37, 8900, 0, 3x10', 1-107° 8149.158 x 103), x < 0.5,

(pl”’z’”””zl’e"):{ (248537, 8900, O, 10, 1076, 117.9%10%, x> 0.5.

which is used to model the interaction between gaseous detonation products and a copper plate. We set the computational domain as [0, 1], with
final time T = 73 ps and N = 200. In this test, we use CC EOS to model copper, and JWL EOS to model gaseous explosive. The relevant material-
dependent quantities are given in Table 1. Fig. 5 shows the result. From the figures, we can see that the HO1 scheme captures the solution well.
As to the LO scheme, there are slight deviations in the velocity and pressure plot, although they do not affect the resolution too much.

Example 8. We solve following Riemann problem:

(11042, 2260, 543, 3x109, 1-10° 0), x <04,
(p1> P2, p, 21, €) = (9961, 2260, 0, 0, 1-107°, 0), 04 <x<0.6,
(9961, 2260, 0, 0, 107, 0), x> 0.6,

which is used to model a rightward traveling Mach 1.163 shock wave in molybdenum interacts with MORB. We set the computational domain as
[0, 1], the final time 7" = 85 ps and N = 200. We use the same shock wave EOS to model molybdenum and MORB. The relevant material-dependent
quantities are given in Table 1. Fig. 6 shows the result. From the figures, we can see that all schemes can capture the exact solution well.

Example 9. We consider a test in which a right-moving planar shock wave Mach = 1.163 in molybdenum initially located at x = 0.3 is interacting
with a region [0.4,0.7] x [0,0.5] of MORB liquid in a square domain [0, 1] X [0, 1]. This problem has been studied in [8,11,31]. The schematic for
this problem is given in Fig. 7. In this problem, we use the shock wave EOS to model the MORB and molybdenum. The typical set of material
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Fig. 3. Numerical results for Example 5. From left top to right bottom: figures of density, velocity, pressure, and volume fraction of fluid 1.

quantities for the MORB and molybdenum is shown in Table 1. The initial conditions and parameters required are:

(p1> P34, 0, p, 21, €9) =

(11042, 2260, 543, 0, 3x10°, 1-10"% 0), Post-Shock Molybdenum,
(9961, 2260, 0, 0, 0, 1-107°% 0), Pre-Shock Molybdenum,
(9961, 2260, 0, 0, 0, 1075, 0), MORB.

The non-reflecting boundary conditions are used. Fig. 8 shows high-resolution results for schlieren-type images of the density and pressure at time
50 ps and 100 ps using 400 x 400 cells. From the figures, we can see that the diffraction of a shock wave by MORB liquid is well captured with
our method.

Example 10. We consider a test in which a left-moving copper plate located at x > 0.6 interacts with a region [0, 0.6]x [0, 0.5] of water and a region
[0,0.6] x [0.5, 1] of inert explosive in a square domain [0, 1] x [0, 1]. This problem has been studied in [8]. The schematic for this problem is given
in Fig. 9. In this problem, we use the CC EOS to model the copper and explosive, and the JWL EOS to model the water. The typical set of material
quantities is shown in Table 1.

The initial conditions and parameters required are:

(p1> P25 P3,Us U, P, 21, Z3, €0) =

(1840, 1004, 8900, 0, 0, 101325, 1-2x107°, 1076, 326100), TNT,
(1840, 1004, 8900, 0, 0, 101325, 1079, 1075, 25150), Water,
(1840, 1004, 8900, —1500, 0, 101325, 1076, 1-2x1075, 117900, Copper.

The non-reflecting boundary conditions are used. Fig. 10 shows high-resolution results for schlieren-type images of the density and pressure at time
50 ps and 100 ps using 200 x 200 cells. From the figure, we can see the transmitted and reflected shock waves due to the impacting of the copper
to the water and explosive. Moreover, a reflected circular wave is observed from the corner of the three materials.

10
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Fig. 4. Numerical results for Example 6. From left top to right bottom: figures of density, velocity, pressure, and volume fraction of fluid 1.

Example 11. Finally, we are interested in an impact problem involving the interaction of underwater, aluminum, and copper within a square
domain [0, 1] x [0, 1]. This problem has been studied in [8]. The schematic for this problem is given in Fig. 11. On the left half of the domain, the
material is copper, while on the right half, the water on the top and aluminum on the bottom are separated by a horizontal interface y = 0.4. In
this problem, all materials are modeled by shock wave EOS. The typical set of material quantities is shown in Table 1. The initial conditions and

parameters required are:

(p1> P25 P3, U, U, P, 21, 23, €0) =

(2785, 1000, 8924, -1500, O,
(2785, 1000, 8924, 0, O,
(2785, 1000, 8924, 0, 0,

0, 1-2x107°, 1076, 0), Aluminum,
0, 1079, 1075, 0), Water,
0, 1076, 1-2x107"5, 0), Copper.

The non-reflecting boundary conditions are used. Fig. 12 shows high-resolution results for schlieren-type images of the density and pressure at
times 50 ps, 100 ps and 150 ps using 400 x 400 cells. Due to the impact of aluminum on copper, the transmitted and reflected shock waves are
generated, and a circular shock wave propagates to the water. Moreover, a mushroom-like shape is produced at the corner of the three materials,
and becomes larger as the process evolves. From the figures, we can see that our schemes can obtain high-resolution solutions.

4. Conclusion

In this paper, a high-order finite volume method with Mie-Griineisen EOS is constructed for solving multicomponent fluid problems. Our scheme
can maintain the equilibrium of the pressure and velocity for the interface-only problem. Furthermore, our scheme achieves high-order accuracy
in the smooth region and high resolution when discontinuities appear. Extensive numerical tests have been performed to verify the scheme’s high

resolution and high accuracy.
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Fig. 5. Numerical results for Example 7. From left top to right bottom: figures of density, velocity, pressure, and volume fraction of fluid 1.
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Proof. We assume the conservative variables U i =(21p1j52202;.m), Ej, 2;) maintains the equilibrium of the pressure and velocity. Then, we have

the following equality:

J

_ 1 2
m; = p;u, E-=§pju +pAg; + By,
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7B

where the u and p above denote the equilibrium values of the velocity and pressure. A, = z; —— + (1-z)) — and By = z; 221 + (1-2z))

nB

n-L . .
Now, we begin to prove the proposition.

1
7n-l1 72—l 71-1

Firstly, we demonstrate that the primitive variables reconstruction procedure from given conservative variables do not destroy the equilibrium

property.
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From Eq. (2.12), we can see that on cell 1 ; we have
P,(x)=0vPy,,(x)+ (1 =0v)P, ,(x), xE€E [xj__%,xH%], m=zypy,2Zypy, pi, E, z1.

Here, we can write out the explicit expression of p, ,(x):

Py (&) = (3/640 — 5/48¢ — 1/16£% + 1/128% + 1/246Ym,,,
+ (=29/480 + 17/248 +3/48% = 1/68° — 1/6£)m;
+ (1067/960 — 11/8£% + 1 /4£%)m;
+ (=29/480 — 17/24 + 3 /4% + 1/6£3 = 1/6£)m;_

+ (3/640 +5/485 — 1/16£% — 1/128° + 1/24E%m,_,,

where & = Z3J

m(x) is the linear expression of m s My M My My and satisfies linearity:

J

Po.cym4c,m@ (X) = Cp Py iy (x) + Cy Py 2 ().

Therefore, we have

P u(X) EPz1p1+z2pz () -
P,(x) = =u,
Zlﬂl )+ Zzﬂz(x) Zl/’l )+ Zzﬂz(x)
Pp)— 0 g1 _ 12 (A1)
EX) =55 0 Su P,(x)+ Agp+ By — su Py(x) - _
P,(x) = = P>
i Ao A
where A, = P, (x) - ( (x)) —L and By = P, (01L& + (1- P (x)) n
Y1

Then, we demonstrate that the 1mpfementat1on of the WENO method in characterlstlc -wise way with the primitive variables do not destroy the
equilibrium.

We assume the primitive variables W; = (py,p, j,E, D. 7 j)T maintains the equilibrium of the pressure and velocity, where the u and p above
denote the equilibrium values of the velocity and pressure.

We compute the right and left eigenvector matrices at interface x = X1 of the cells:
2

oL oL (Z1p1+2283)¢ 1
Gz 0 0 1 Gree 0 0 FASReE 3 0
= = 0 0 0 0 1
_n __n
G 010 Gmae o . & .
R= 1 0 0 0 - 1 , L= (2171 +220;)> >
Gotan)e Gim+an)e =
1o 0 =l 0
1 0 0 O 1 (Z171+2202)C
_Giri+amn)© 1
0 1 0 0 0 0 0 3 3 0

where we take ¢ = {c};110, 21 = {Z1}j4172 21 = {2101} j11y2> P2 = {220} jh1p20 2101 = 21015 Z2py = (1-Z}) 5. Here, we choose {a}jpp =
(qj + qj+1) /2. We project primitive variables V; = (p1j>12 j,ﬁ, D. 2 j)T into the characteristic space:

0o o GEtamd ! 0 Ya (20, + 5y) T+ 2
2 2 P
0 0 0 0 1 2,
> P2 .
VVj = LUj = (z1p1+z2p2)22 u = p2j (m*ﬁ)? N
10 0 ——a__ ol » o
Grtaan)® P LT Garam?
_ Gpi+zp)e 1 zy; - =
00 2 2 0 ! —3U (21 + 5py) T+ &

which means the first and the last component in W; are the constants during the characteristic projection. After the WENO reconstruction, we

denote the obtained variables as

! + I
5”(21/’1 +230,) T+ 2
wy
+*
LT w3
Jt3
Wy
1— +2
U (21 + 22p2) T+ 5 i

i3

17
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Then, we project the obtained variables back into the physical space. We have

H

A0 0 1 oL

— [ ) S— lmf— | —~—\~, P
(Z1P1+22p2)c? (Z1P1+2202)¢2 SU (2171 + 2272) T+ 5
_—n 01 0 —r_ w
_ (Z1P1+220,)¢2 (Z1P1+2202)¢2 2
VE =RWE =| _ L g g ——L wy
+3 +3 AT A )
2 2 (zip1+22m)¢ (z1p1+22m)C
w,
1 0 0 0 1 ¢
1= 5
—su(z,p; +z2 ja
0 1 0 0 0 24 (2171 + 20p2) T4 5 .
pip *
(Z171+22p,)¢?
(27
(ziP1+220)e?
= a ,
P
wy

iy
which means we can maintain the equilibrium during the reconstruction.

Finally, we demonstrate that the scheme in (2.4) maintains the equilibrium of velocity and pressure.
The variables V* | obtained in characteristic projection are used to compute the HLLC flux Fj+1 . Due to the equilibrium of the pressure and

J+3 2
2 —_—
velocity, we have u; =up =1u, p; = pr =P, i 1 = u. Therefore, we have

N

Sy = u, U*k =Uy,

and
Zipu
Zypoi
Fﬁ.% _ 1+s§n(s*)FL + 1—s§n(s*)FR _ ,532 +7 ’
E(%ﬁﬁ2+¢405+30+ﬁ)
7z
where g = lJan(S)qL+ lLﬂ(s)q R+ 4 =Z1P1,22P2 P 215 Ao—z1—+(l—z1) 2— and B, = NZ;B' +(1-12) YZBT

As to the source term in (2.4), due to the equilibrium of the veloc1ty and the fact that the four point Gauss-Lobatto quadrature rule is exact for
the polynomial degree up to five, we have

<S(U i, 1—S(U+ )u 1—Ax2wkS(U)xG qu>

= (S(Uj;; Y — S(U;% Vi — Axt ; wkS(U)XGk)

1 (A.2)
=|SW™ u-su* ])E—E/ T2 §(U),dx
J*3 /73 X
72
= ((S(U_’ D= SWU* wy -u(SWUT ) -SU*r ,)))
Jj*3 J=3 Jt3 =3

=0,

Then, we obtain the following formula:

Zipu Zipit
z —_—— —_——
o Zoprt Zyprt
9 2202 1 — ~2 =
= u = —— pu - +p — pu - +p
7 Ax e s
E(zfﬁ +A01‘;+BO+E) ﬁ(iﬁﬁ +AOE+BO+5)
Z
J —_~ —_
Uz j+% uzy j_%

From the equation for density of fluid 1 and 2 equations, we have
dp;

J 1 ou
=g (0=, )
Then, we have

Wpw; 1 (1 2 _ — _ -9,
o Ax <<p“ ),-+1 - (pu )/—§> T A <(pu) (pu)f—%> T

2

which means the velocity will maintain equilibrium when the solution evolves.

18
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Now, we consider the equilibrium of pressure. Due to the equilibrium of velocity, we have

a(p—uz)j—_zﬁ—_z (“") _("_)
o o T T ax \Mes T\ )

By comparing energy equation with above equations, we have

o(Agp + By); 1 _ _ _ _
T = _E ((PAOH%"'FBO”%E)_@Aoﬁéu"‘BOH%“)) .
By resorting to the volume fraction equation, we can further simplify the above equation and obtain

d(zp); _ _0zy;

a P
which means the pressure will also maintain equilibrium when the solution evolves. []

s
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