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Abstract

A Ulm-like method is proposed in [13] for solving inverse eigenvalue problems with
distinct given eigenvalues. The Ulm-like method avoids solving the Jacobian equations
used in Newton-like methods and is shown to be quadratically convergent in the root
sense. However, the numerical experiments in [3] only show that the Ulm-like method
is comparable to the inexact Newton-like method. In this short note, we give a numer-
ical example to show that the Ulm-like method is better than the inexact Newton-like
method in terms of convergence neighborhoods.
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1 Introduction

Let A1, A2, . . . , An be n real symmetric n-by-n matrices. For any c = (c1, . . . , cn)T ∈ Rn,
let {λi(c)}n

i=1 denote the eigenvalues of the matrix

A(c) ≡
n∑

i=1

ciAi,

where λ1(c) ≤ λ2(c) ≤ · · · ≤ λn(c). In this note, we consider the inverse eigenvalue problem
(IEP) defined as follows:

IEP: Given n real numbers λ∗1 ≤ · · · ≤ λ∗n, find a vector c∗ ∈ Rn such that λi(c∗) = λ∗i for
i = 1, . . . , n.

The inverse eigenvalue problem arises in many applications, such as the solution of
inverse Sturm-Liouville problems, nuclear and molecular spectroscopy, applied mechanics
and structure design, etc. For applications, theoretical and algorithmic aspects of general
inverse eigenvalue problems, see [4, 5, 6, 8, 9, 10, 11, 14].

Assume that the given eigenvalues are distinct and there exists a solution c∗ for the
IEP. Then there exists a neighborhood N (c∗) of c∗ where λi(c) are distinct and f(c) is
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differentiable [14]. In this neighborhood N (c∗), the IEP can be written as a nonlinear
equation

f(c) ≡ (λ1(c)− λ∗1, . . . , λn(c)− λ∗n)T = 0, ∀ c ∈ N (c∗). (1)

It is well-known [8, 14] that Newton-like methods can be employed for solving the IEP
based on (1). For the inexact Newton-like approaches, see for instance [1, 3]. In each outer
Newton iteration, however, we need to solve the (approximate) Jacobian equation, which
may cause the unstability problem if the Jacobian matrix is ill-conditioned.

In [13], a Ulm-like method is proposed for the IEP. The advantage of the Ulm-like
method is replacing the solution of the (approximate) Jacobian equations by computing
the product of matrices. Therefore, the Ulm-like method avoids the unstability problem
caused by the possible ill-conditioning in solving the (approximate) Jacobian equations.
The Ulm-like method has a root-quadratically convergence rate under the assumption of
the distinction of given eigenvalues.

However, the numerical tests in [13] only show that the Ulm-like method is comparable
to the inexact Newton-like method in terms of outer Newton iterations. In this note, we
present an example to show that the Ulm-like method is better than the inexact Newton-like
method, when the initial guess c0 is far from the solution c∗ to the IEP.

2 Inexact Newton-Like Method and Ulm-like Method

We first recall the inexact Newton-like method and the Ulm-like method respectively for
solving the IEP. Let ‖ · ‖ denote the Euclidean norm in Rn and the corresponding induced
matrix norm in Rn×n, i.e.,

‖A‖ ≡ max
{‖Ax‖
‖x‖ : x ∈ Rn with x 6= 0

}
.

Suppose c∗ is the solution of the IEP. Let λ1(c) ≤ λ2(c) ≤ · · · ≤ λn(c) be the eigenvalues
of the matrix A(c) and pk(c) be the normalized eigenvector corresponding to λk(c). The
matrix J(c) is defined by

[J(c)]ij := pi(c)T Ajpi(c),

for i, j = 1, 2, . . . , n. Let
λ∗ = (λ∗1, λ

∗
2, . . . , λ

∗
n)T ,

where λ∗1 ≤ λ∗2 ≤ · · · ≤ λ∗n.
The inexact Newton-like algorithm [3] is given as follows.

Algorithm I: Inexact Newton-like Method

1. Given c0, compute the orthonormal eigenvectors {p0
i = pi(c0)}n

i=1 of A(c0) and solve
c1 by

J(c0)c1 = λ∗.

2. For k = 0, 1, 2, . . . , until convergence, do:

(a) Solve vk
i inexactly by the one-step inverse power method:

(
A(ck)− λ∗i I

)
vk

i = pk−1
i + tk

i , i = 1, 2, . . . , n, (2)
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until the residual tk
i satisfies

‖tk
i ‖ ≤

1
4
, i = 1, 2, . . . , n.

(b) Normalize vk
i to obtain an approximate eigenvector pk

i of A(ck):

pk
i =

vk
i

‖vk
i ‖

, i = 1, 2, . . . , n.

(c) Form the approximate Jacobian matrix Jk:

[Jk]ij = (pk
i )

T Ajpk
i , i, j = 1, 2, . . . , n. (3)

(d) Solve ck+1 inexactly from the approximate Jacobian equation:

Jkck+1 = λ∗ + rk (4)

until the residual rk satisfies

‖rk‖ ≤
(

max
1≤i≤n

1
‖vk

i ‖

)β

, for 1 < β ≤ 2.

Under the assumptions that the given eigenvalues are distinct and the Jacobian ma-
trix J(c∗) is nonsingular, it was proved in [3] that the method converges locally with a
convergence rate β.

Next, we present the Ulm-like method for the IEP.

Algorithm II: Ulm-like Method

1. Let c0 ∈ Rn and B0 ∈ Rn×n be given such that

‖I −B0J(c0)‖ ≤ δ,

where δ is a positive constant. Compute the orthonormal eigenvectors {p0
i = pi(c0)}n

i=1

of A(c0) and solve c1 by

c1 = c0 −B0

(
J(c0)c0 − λ∗

)
.

2. For k = 0, 1, 2, . . . , until convergence, do:

(a) Solve vk
i inexactly by the one-step inverse power method:

(
A(ck)− λ∗i I

)
vk

i = pk−1
i + tk

i , i = 1, 2, . . . , n, (5)

until the residual tk
i satisfies

‖tk
i ‖ ≤

1
4
, i = 1, 2, . . . , n.

(b) Normalize vk
i to obtain an approximate eigenvector pk

i of A(ck):

pk
i =

vk
i

‖vk
i ‖

, i = 1, 2, . . . , n.
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(c) Form the approximate Jacobian matrix Jk:

[Jk]ij = (pk
i )

T Ajpk
i , i, j = 1, 2, . . . , n.

(d) Compute the matrix Bk and ck+1 respectively by

Bk = 2Bk−1 −Bk−1JkBk−1

and
ck+1 = ck −Bk(Jkck − λ∗).

Under the assumptions that the given eigenvalues are distinct and the Jacobian matrix
J(c∗) is nonsingular, the Ulm-like method converges quadratically in the root sense [13].

3 Numerical Tests

In this section, we compare the numerical performance of Algorithm I with that of Algorithm
II on an example below. Our goal is to illustrate the advantage of the Ulm-like method
over the inexact Netwon-like method, when the approximate Jacobian equation (4) is ill-
conditioned.

Since the given eigenvalues are assumed to be distinct, the function f(c) in (1) is dif-
ferentiable, J(c) is Lipsschitz continuous in the neighborhood N (c∗) of c∗, and J(c∗) is
nonsingular [14]. For c ∈ N (c∗), by (see [12])

∂2λi

∂ck ∂cj
= 2

∑
m=1
m6=i

[qmcT Akqic][qmcT Ajqic]
λi(c)− λm(c)

,

it follows that the Lipschitz constant may be very large if some of the eigenvalues λ∗i are
close to each other. Then, for the inexact Newton-like method, the approximate Jacobian
Jk defined in (3) may be ill-conditioned and the convergence neighborhood N (c∗) may be
very small [8].

Example 3.1 Given B = I8 + V V T , where

V =




1 −1 −3 −5 −6
1 1 −2 −5 −17
1 −1 −1 5 18
1 1 1 2 0
1 −1 2 0 1
1 1 3 0 −1

2.5 .2 .3 .5 .6
2 −.2 .3 .5 .8




8×5

Define Ak by

Ak = bkkekeT
k +

k−1∑

j=1

bkj(ekeT
j + ejeT

k ), k = 1, . . . , 8.

Note that if
ĉ = (1, 1, 1, 1, 1, 1, 1, 1)T ,
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then
A(ĉ) = B = I8 + V V T ,

whose eigenvalues are given by

λ̂ = (1, 1, 1, 2.1208, 9.2189, 17.2814, 35.7082, 722.6808)T .

Now, suppose that

c∗ = (1.000438903816714, 1.000656447518457, 1.000913442705718, 1.000231554995865,

0.999744815493349, 0.999113996722789, 1.000942919907134, 0.999654879193127)T .

Then, we have

λ∗ = (0.9793644297787, 0.9976265969314, 1.0039322015831, 2.1258971800068,

9.2125235810642, 17.2782020459764, 35.6897669639946, 723.2816411319387)T .

In Example 3.1, we observe that the first three eigenvalues λ1, λ2, λ3 are distinct but
very close to each other:

|λ2 − λ1| = 1.8262e− 002, |λ3 − λ2| = 6.3056e− 003.

Thus, the approximate Jacobian Jk in (3) may be ill-conditioned and the convergence
neighborhood N (c∗) becomes small.

To illustrate the numerical performance of the Ulm-like method, we compare the Ulm-
like method with the inexact Newton-like method for Example 3.1. The initial point c0 is
chosen by

c0 =
floor(φ× 10ψ · c∗)

φ× 10ψ
,

where the Matlab-routine function floor(c) rounds the elements of a vector c to the nearest
integers towards minus infinity. We consider the following four cases: (a) φ = 3 and ψ = 1;
(b) φ = 4 and ψ = 1; (c) φ = 1 and ψ = 2; (d) φ = 1 and ψ = 4.

The linear systems (2), (4), and (5) are solved iteratively by the QMR method [7] as in
[13, 1, 3] using the Matlab-provided QMR function. At the (k + 1)th iteration, we use vk

i as
the initial guess of the inverse power equations (2) and (5), and ck as the initial guess of the
approximate Jacobian equation (4). We also set the maximum number of iterations allowed
to 400 for all inner iterations. To speed up the convergence, we use the Matlab-provided
Modified ILU (MILU) preconditioner: LUINC(A, [drop-tolerance, 1, 1, 1]), which is used
for unconstructed matrices [13, 1, 2]. The drop-tolerance we use here is 0.01. The stopping
tolerance for the outer Newton iterations of Algorithms I and II are set to be 10−10 (we set
the maximum number of outer iterations to be 10).

Table 1 displays the error of ‖ck − c∗‖ and the condition number of κ2(Jk) for different
initial guess c0, where ck is the iterant at the kth outer iteration, it. denotes the number of
required outer iterations, and ? denotes the corresponding algorithm fails to converge. We
observe from Table 1 the following facts: When the initial guess c0 is somewhat far from the
solution c∗, the approximate Jacobian equation (4) is increasingly ill-conditioned and the
inexact Newton-like method fails to converge, while the Ulm-like method still converges. On
the other hand, when the initial guess c0 is close to c∗ sufficiently, the approximate Jacobian
equation (4) is well-conditioned. In this case, the Ulm-like method is comparable to the
inexact Newton-like method. This numerical example shows that the Ulm-like method has
a larger convergence neighborhood than that of the inexact Newton-like method.
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Table 1: Numerical results for Example 3.1

(a)
k Inexact Newton-like Method Ulm-like Method

‖ck − c∗‖
β = 1.6 β = 1.8 β = 2.0 κ2(Jk) ‖ck − c∗‖ κ2(Jk)

0 5.6900e− 002 5.6900e− 002 5.6900e− 002 6.2633e + 002 5.6900e− 002 6.2633e + 002
1 1.5972e− 002 1.5972e− 002 1.5972e− 002 2.0217e + 003 1.5972e− 002 2.0217e + 003
2 7.5108e− 003 7.5108e− 003 7.5108e− 003 1.2617e + 003 2.4305e− 003 1.1030e + 003
3 5.2259e− 003 5.2259e− 003 5.2259e− 003 4.8507e + 004 8.5988e− 005 1.0936e + 003
4 8.5108e− 002 8.5108e− 002 8.5108e− 002 1.4192e + 003 3.7376e− 006 1.0850e + 003
5 7.9658e− 002 7.9658e− 002 7.9658e− 002 3.1942e + 005 3.2939e− 009 1.0852e + 003
6 2.7836e + 000 2.7836e + 000 2.7836e + 000 7.4580e + 004 2.9768e− 014
7 2.7836e + 000 2.7836e + 000 2.7836e + 000 5.5743e + 006
8 2.7836e + 000 2.7836e + 000 2.7836e + 000 2.1713e + 008
9 2.7836e + 000 2.7836e + 000 2.7836e + 000 1.2112e + 009
10 2.7836e + 000 2.7836e + 000 2.7836e + 000
it. ? ? ? 6

(b)
k Inexact Newton-like Method Ulm-like Method

‖ck − c∗‖
β = 1.6 β = 1.8 β = 2.0 κ2(Jk) ‖ck − c∗‖ κ2(Jk)

0 4.2474e− 002 4.2474e− 002 4.2474e− 002 6.3724e + 002 4.2474e− 002 6.3724e + 002
1 1.5893e− 002 1.5893e− 002 1.5893e− 002 1.8435e + 003 1.5893e− 002 1.8435e + 003
2 5.8073e− 003 5.8073e− 003 5.8613e− 003 1.1812e + 003 2.3494e− 003 1.1145e + 003
3 2.7831e− 003 2.7184e− 003 2.1950e− 003 1.4335e + 003 2.7159e− 004 1.1052e + 003
4 2.1579e− 004 1.8335e− 004 8.7238e− 005 1.0798e + 003 5.7055e− 006 1.0849e + 003
5 2.5776e− 006 1.6465e− 006 4.2657e− 007 1.0851e + 003 7.6267e− 009 1.0852e + 003
6 4.6985e− 010 1.3123e− 010 8.7389e− 012 1.6943e− 014
7 2.5663e− 014 1.9658e− 014

it. 7 7 6 6
(c)

k Inexact Newton-like Method Ulm-like Method
‖ck − c∗‖

β = 1.6 β = 1.8 β = 2.0 κ2(Jk) ‖ck − c∗‖ κ2(Jk)
0 1.6542e− 002 1.6542e− 002 1.6542e− 002 6.6323e + 002 1.6542e− 002 6.6323e + 002
1 1.6320e− 002 1.6320e− 002 1.6320e− 002 1.7985e + 003 1.6320e− 002 1.7985e + 003
2 5.2114e− 003 5.2114e− 003 5.3287e− 003 1.1766e + 003 1.3189e− 003 1.0968e + 003
3 1.7118e− 003 1.6561e− 003 1.4067e− 003 1.2546e + 003 2.0367e− 004 1.0961e + 003
4 6.2036e− 005 5.2056e− 005 3.7954e− 005 1.0829e + 003 1.2452e− 005 1.0857e + 003
5 2.4555e− 007 1.4633e− 007 7.7295e− 008 1.0852e + 003 2.9611e− 008 1.0852e + 003
6 2.0155e− 011 9.9290e− 013 2.4267e− 013 1.0741e− 013

it. 7 7 6 6
(d)

k Inexact Newton-like Method Ulm-like Method
‖ck − c∗‖

β = 1.6 β = 1.8 β = 2.0 κ2(Jk) ‖ck − c∗‖ κ2(Jk)
0 1.1373e− 004 1.1373e− 004 1.1373e− 004 1.0856e + 003 1.1373e− 004 1.0856e + 003
1 2.0352e− 007 2.0352e− 007 2.0352e− 007 1.0852e + 003 2.0352e− 007 1.0852e + 003
2 2.9669e− 014 2.9669e− 014 2.9669e− 014 1.5068e− 013

it. 2 2 2 2
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